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Abstract

We explore a novel problem in streaming submodular maximization, in-
spired by the dynamics of news-recommendation platforms. We consider a
setting where users can visit a news website at any time, and upon each
visit, the website must display up to k& news items. User interactions are in-
herently stochastic: each news item presented to the user is consumed with
a certain acceptance probability by the user, and each news item covers
certain topics. Our goal is to design a streaming algorithm that maximizes
the expected total topic coverage. To address this problem, we establish
a connection to submodular maximization subject to a matroid constraint.
We show that we can effectively adapt previous methods to address our
problem when the number of user visits is known in advance or linear-size
memory in the stream length is available. However, in more realistic sce-
narios where only an upper bound on the visits and sublinear memory is
available, the algorithms fail to guarantee any bounded performance. To
overcome these limitations, we introduce a new online streaming algorithm
that achieves a competitive ratio of 1/84, where § controls the approxima-
tion quality. Moreover, it requires only a single pass over the stream, and
uses memory independent of the stream length. Empirically, our algorithms
consistently outperform the baselines.

1 Introduction

Streaming submodular maximization has been extensively studied under various feasibility
constraints, including matchoid [7, 8, 10], matroid [9], knapsack [21, 22] and k-set [20]
constraints. In the classical setting, the goal is to select a single subset of items from a data
stream and output it when the stream ended. However, this classical framework falls short in
many real-world scenarios, for example, when seeking to maximize content coverage in online
news recommendation. In such a setting, users visit a news website multiple times and expect
to receive a relevant set of articles on each visit. Meanwhile, new articles continuously arrive
at the content-provider’s server in a stream fashion. The long-term objective is to maximize
the total content coverage across user visits. Existing streaming submodular maximization
algorithms are ill-suited for this use case, as they are designed to produce a single solution
and do not support multiple or on-demand user interactions during the stream.

Motivated by this limitation, we introduce a novel problem called Streaming Stochastic Sub-
modular Maximization with On-demand Requests (S3MOR). While the setting is broadly
applicable to streaming submodular maximization tasks with multiple output requirements,
we focus on the news recommendation task for illustration. Therefore, in S3MOR, the data
stream consists of incoming news items that the system aggregates into a personalized news
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Table 1: Comparison of our algorithms. N € N denotes the stream length, £ € N number of
news items to present per user access, T € N and 7" € N are the exact number and upper
bound of user accesses, and § € N an approximation parameter.

Algorithm Competitive ratio Time Space
LMGREEDY 1/2 O(NT'k) O(N +kT)
STORM 1/4(T" — T +1) O(NT'k) O(T'k)
STORM#++ 1/86 O(NT"?k/8) O(T"?k/5)

website. Each item V; covers a set of topics and is associated with a probability p;, represent-
ing the probability that a user will click on the item when it is presented. A user may visit
the system arbitrarily often and at any time during the stream. At each visit, the system
must select and present a subset of at most k items from those that have arrived in the stream
up to that point. If a user clicks on item V;, they are exposed to all topics associated with
that item. The objective is to maximize the expected total number of unique topics covered
by all user clicks across all visits. This setting is challenging due to its online character:

¢ On-demand: At any point, the system must be ready to output a subset of news items.
e Irrevocability: Once a subset is presented to the user, it cannot be modified.
To the best of our knowledge, no existing algorithm directly addresses the S3MOR problem.

Our contributions. We develop approximation algorithms for the novel problem of
streaming stochastic submodular maximization with on-demand requests (SSMOR). Our
algorithms are based on reducing SSMOR to streaming submodular maximization under
a partition matroid constraint such that our framework can use existing online streaming
algorithms to solve S3MOR. We analyze the competitive ratios of the obtained algorithms:

e We prove that provided sufficient memory to store the whole stream, a greedy algo-
rithm can achieve the best possible 1/2 competitive ratio for the SSMOR problem.

e If the exact number T of user visits is known, the reduction preserves the competitive
ratio of the underlying online streaming submodular algorithm.

e However, in realistic scenarios, the number of user visits 7" is unknown and we need
to guess the number of visits as 7/ > T. For this case, we introduce an algorithm

STORM, which has a competitive ratio of ﬁ.

o To achieve a better competitive ratio, we propose a second algorithm STORM++ that
makes multiple concurrent guesses of T, maintaining one solution per guess. It then
greedily aggregates outcomes across guesses. This algorithm achieves a competitive
ratio of 1/85, where ¢ is a tunable parameter that balances efficiency and solution
quality. The space and time complexity increase by a factor of §T” relative to the
underlying streaming algorithm.

We summarize the competitive ratio, space and time complexity for all algorithms mentioned
above in Table 1. We validate our approach through empirical experiments on both large-
scale and small-scale real-world datasets. Our results show the effectiveness of our algorithms
in terms of coverage quality and memory usage, in comparison to relevant baselines.

Notation and background. We assume familiarity with constrained submodular max-
imization and competitive analysis. We provide formal definitions in Appendix A in the
supplementary materials.

Related work

Submodular optimization plays a fundamental role in machine learning, combinatorial opti-
mization, and data analysis [13, 26, 29], capturing problems with diminishing returns, and
finding applications in data summarization [34, 42], non-parametric learning [17, 45], recom-
mendation systems [1, 33, 38, 44], influence maximization [24], and network monitoring [13].
The classical greedy algorithm achieves a (1 —1/¢e)-approximation for monotone submodular
maximization under cardinality constraints [39], and extends to matroid constraints [6, 12].
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We study stochastic submodular coverage functions, where the objective depends on ran-
dom realizations but selections must be made non-adaptively. This contrasts with adaptive
submodularity [16, 18, 37, 41], which models sequential decision-making with feedback and
supports strong guarantees for greedy strategies. Related work includes stochastic variants
of set and submodular cover, where the objective itself is random; notable examples analyze
adaptivity gaps and approximation bounds under oracle access [15, 19].

Classical greedy algorithms for (constrained) submodular optimization [27, 35, 39] assume
random access to the full dataset, which is infeasible in large-scale or streaming settings.
This challenge has motivated streaming algorithms that make irrevocable decisions under
memory constraints [4, 5, 9, 22, 23, 36]. Buchbinder et al. [5] apply the preemption paradigm,
i.e., replacing elements with better ones, to achieve a tight (1/2 — ¢)-approximation for
monotone functions under cardinality constraints. Sieve++ [23] uses thresholding to achieve
a (1/2—¢)-approximation under cardinality constraints using only O(k) memory. Extensions
to matroid and partition constraints include [7, 8, 10]; for instance, Chekuri et al. [8] gives a
1/4p-competitive online streaming algorithm for monotone p-matchoids. These approaches,
however, do not handle stochastic item utilities or repeated, unpredictable user access. We
address this gap by studying stochastic submodular coverage under partition constraints in
a streaming model with limited memory and unknown user access requests.

To extend submodularity to sequences, Alaei et al. [1] introduce sequence-submodularity and
sequence-monotonicity, showing that a greedy algorithm achieves a (1 —1/e)-approximation,
with applications in online ad allocation. Similarly, Ohsaka and Yoshida [40] propose k-
submodular functions to model optimization over k disjoint subsets, providing constant-
factor approximations for monotone cases. In contrast to their settings, our problem involves
making irrevocable decisions as an incoming stream of items progresses, requiring each of the
k subsets to be constructed incrementally rather than all at once after seeing the entire input.

Finally, diversity-aware recommendation and coverage problems are closely related, as many
systems must recommend item sets rather than single items, motivating submodular ap-
proaches to maximize coverage and user satisfaction [2, 43]. Ashkan et al. [3] propose a
greedy offline method for maximizing utility under a submodular diversity constraint. Yue
and Guestrin [44] use submodular bandits for diversified retrieval, learning user interaction
probabilities adaptively rather than relying on a known oracle, as in our setting.

2 Streaming submodular maximization with on-demand requests

Problem setting. Consider V = {Vi,V5,---} denoting the set of all items appearing in
the news item stream. Each news item V; € V covers a subset of topics from a predefined set
of topics C = {c1,¢a,...,cq}, where d denotes the total number of topics. Formally, V; C C
for each i € [n]. Additionally, each news item V; is associated with a probability p; € [0, 1],
modeling the probability that a user will click the item when presented to them. When a
user clicks a news item, we say that the user is exposed to all topics in the news item.

We study a streaming setting. At each time step 4, a news item V; € V arrives in the system.
Moreover, we assume that we observe a binary variable 7; € {0,1} indicating whether the
user accesses the system at time step 4. Specifically, 7, = 1 denotes an access at time step
i, and 7; = 0 otherwise. Whenever 7; = 1, the system should present at most k£ news items
from the available news items {Vj,...,V;}. Now, suppose a user visits the system T times.
The system outputs T sets S1,--- , ST, where S? represents the items presented to the user
at their ¢t-th visit, for ¢t € [T]. We allow the same item to be presented at multiple visits;
however, we treat each appearance as a distinct copy. We make this choice as the user has
multiple chances to click on an item if the item is presented multiple times. Therefore, for
any t # s, we have St N1 S* = (). We define the set of all items presented to the user over

the entire sequence of visits as S = Uthl St.

Objective function. We define f(S) as the expected number of topics covered by the
user after all T visits, where the expectation is taken over the probabilities of the user
clicking at the news items. To formally define f(S), we introduce the following notation.
Let 0; € {0,1} be an indicator whether topic ¢; is covered after the user has been shown the
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news sets St -+, ST; that is, whether the user clicks on at least one news item that covers
topic ¢;. The probability that topic ¢; is not covered, denoted by Pr(c; = 0), is equal to
the probability that the user does not click on any of the news items that cover topic c;.

Since the user clicks on item V; with probability p;, the probability that they do not click on
it is 1 — p; and, thus, Pr(o; =0) = Hte[T] Hviest,m 3¢ (1 — py), leading to the expectation
Elo;] =1 = ILierr [viest,vise, (1 — pi)- By linearity of expectation, the expected number
of topics covered by a user, which we denote by f(S), is given by

d d

d
Zaj ZE(T]:Z -1 II «a-»]- (1)

j=1 te[T] V;€St, V3¢,
Lemma 2.1. f(S) is a non-decreasing submodular set function.

Problem definition. We formally define our new problem streaming stochastic submod-
ular mazimization with on-demand requests (S3MOR) below.

Problem 2.2 (S8MOR). We define a news item stream S as a sequence of triples: S =
((Vi,p1,71)s -+, (VN,pN, TN)) where N is the (unknown) length of the stream. At each time
step i, the system receives a triple (Vi,p;, ), where V; € V, p; € [0,1], and 1; € {0,1}.
Whenever 7; = 1, the system selects up to k news items from the set of items {V1,...,V;}
recetved so far to present to the user. Let S = {St,... ST} denote the sets of news items
presented to the user over T accesses. The objective is to mazximize the expected number of
distinct topics the user is exposed to by the end of the stream, measured by the function f(S).

There are two key challenges in our streaming setting: (i) the system does not know in
advance when or how many times a user will access it; and (ii) the system has to make
decisions based on the information available so far, and these decisions are irrevocable. In
the following, we show how the problem can be reduced to a submodular maximization
problem subject to a partition matroid constraint. We then leverage this connection to
develop solutions under various memory constraints.

Reduction to submodular maximization under a partition matroid constraint.
We first reduce the S3MOR problem (Problem 2.2) to submodular maximization under a
partition matroid constraint, which enables us to apply efficient streaming algorithms with
provable guarantees. Let 7: ¢ + r; map a user’s t-th access to its access time, and (r;)Z_; be
the sequence of times at which the user accesses the system over an unknown time period.
Whenever the user accesses the system, it presents up to k& news items selected from all the
news items available since the beginning of the stream, denoted by {V;}.%,

Let V! be a copy of the item V; associated with the ¢-th visit. Let V' be a collection of these
copies until the ¢-th visit, namely, V* = {V/};, = {V{,... V]! }. Without loss of generality,

we treat each copy as a distinct item, i.e., V' # V5 for all ¢ # s. Clearly, V'NV* = ) for ¢ # s.

Moreover, let St C V! be the set of news items that the system presents to the user at their
t-th visit. Let S = UqT:1 S be the union of all sets of presented items. Analogously to

Equation (1), we adapt the function f: 2Y1-1V" 5 R such that f(8S) is the expected number

of topics covered by the (copies) of news items that the user clicked on after S1,..., ST have
been presented to the user.

Observation 2.3. Let (Uthlvt,}") be a set system, where F is a collection of subsets of
ULV, and F is constructed in the following way: for any set X CUL VE if [ XNV <
k for any 1 < t < T, then X € F. Observe that (UL_, V', F) is a partition matroid.
Problem 2.2 can be equwalently formulated as maxxcr f(X).

Based on Observation 2.3, we develop a baseline algorithm for the Problem 2.2. Suppose
that the system stores all the news items up to when the user accesses the system at the
t-th time, and also has stored all the previous news item sets presented to the user, i.e.,
Uz;llSq. In this case, the stored news items up to time r; constitute one partition of the

matroid, i.e., V' = {V/}I*,. We then apply the local greedy algorithm by Fisher et al. [12],
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Figure 1: Schematic view of our algorithm STORM. We first initiate T” empty active can-
didate sets. For each incoming news item in the stream S, we decide whether it can be
added to/swapped into each of the active candidate set. When a user submits a request,
i.e., 7; = 1, we select the best active candidate set, present it to the user, and deactivate it.

i.e., the system greedily selects k& news items from V! that maximize the marginal gain
of the objective function with respect to f (Uz;llSq). This algorithm does not require any

knowledge of T, and has a competitive ratio of 1/2. Since all incoming news items need to
be stored, the memory usage is (N + kT'), and the running time is Zqul O(Vik). We
present the algorithm in Algorithm 3 (LMGREEDY) in Appendix B.

Theorem 2.4. Algorithm 8 for Problem 2.2 is 1/2-competitive. Moreover, the competitive
ratio of 1/2 is tight, i.e., for Problem 2.2, no streaming algorithm can achieve a competitive
ratio better than /2 without violating the irrevocability constraint.

The drawback of LMGREEDY is that its memory usage depends linearly on the stream
length, making it infeasible for large streams. Thus, we consider the setting where the
system has limited memory and can store only a user-specific subset of news items.

3 Algorithms with limited memory

We now consider the more realistic case where the system does not have unlimited memory.
First, we note that there is a lower bound of ©(kT") that is necessary for achieving a bounded
competitive ratio. Consider an adversarial example where the system has only ©(kT”)
memory, with 7/ < T. The stream contains more than ©(kT) items, each covering a
distinct topic, with the users click probability equal to 1. After the final item arrives, the
user submits ©(7T') requests. Since the system can store at most ©(kT”) items, no algorithm
can achieve a competitive ratio better than ©(7’/r), which becomes arbitrarily poor as
T’ <« T. Therefore, in the following, we assume an upper bound 7" on the number of user
visits. Furthermore, the system has available memory Q(kT”), and hence, it is possible to
store the news items that may be presented across these visits.

3.1 A first memory-efficient streaming algorithm

Our first memory-efficient algorithm processes the incoming stream S as follows. First, it
initializes T” empty candidate sets A° for i € [T”], all of which are initially active. Upon
the arrival of a news item from the stream S, for each active candidate set, the algorithm
either adds the item to the set or replaces an existing item if the set is full. When a user
accesses the system, the algorithm selects one of the active candidate sets to present to the
user. The chosen candidate set is then marked as inactivate and will not be updated further.
Figure 1 shows an overview.

Based on our reduction to submodular maximization under a partition matroid constraint,
we can adapt any streaming algorithm designed for matroid constraints, provided it produces
irrevocable outputs. Notable examples include the algorithms proposed by Chakrabarti and
Kale [7], Chekuri et al. [8], and Feldman et al. [10], all of which achieve a 1/4 approximation
ratio. In our work, we specifically adapt the algorithm introduced by Chekuri et al. [8].

Our algorithm, named STORM, is shown in Algorithm 1. It keeps track of the number of
visits using a counter i. Assume the user has visited ¢ times when news item Vj arrives.
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Algorithm 2: STORM++

Input: Estimated visits 7" € N, budget
k € N, parameter § € N.

Algorithm 1: STORM
Input: Estimated visits 7" € N, budget k € N.

1 T’ _ ’ 0
_,4;;.(.)“,4 — 0, T={1,---,T'}, G° 0, 1 GO0, BY 0, i 0,
for (V,7,p) in the stream do P {5, 26, ..., [%]5}
for j €T do = s ~
J . . . 2 for T' € P do Initialize STORM (T, k) >
f|AY k th J J ~
:els|(;4 < en AT AU{V} Maintain STORM for different T
V/  argming g v(f, Ugerrn A% V)2 for (V,7,p) in the stream do
it f(V | UgerrnA?) > 4 for T, EIPTdo }
20(f, Uger A7, V') then s gD o son (F,
j IN VYUY .step(V,7,p > Process
L AT = AV UVE (V,1,p) by executing lines 3-13
if 7 = 1 then | of Algorithm 1
j* <« argmax; o f(A|U;_, G") 6 if 7 =1 then i
T i T\ {j*} > Deactivate candidate set 7 T* ¢ argmaxpep F(GHHT) |
A U\, B))
Gttt = A7 s B+l gi+1,(T*)
i+1 ,
9“tP“t 1g 9 output B!
| Lreet 10 | i+ it

This implies that, prior to the arrival of V}, 7 active sets from ¢ partitions have already
been presented to the user, and thus, neither V; nor any subsequent item will be added to
these partitions. The algorithm iterates over the remaining 7”7 — i active candidate sets, and
determines whether V; should be added to any of them, with replacement if necessary.

The decision to replace an existing item V' with the current item Vj is based on the com-
parison of their incremental value with respect to set Ute[T/]At. Specifically, we adopt the
notation v(f,UpeprA*, V) from Chekuri et al. [8] and define

I/(f7 UtE[T/]At7 V) = fU

Here, V' <V indicates item V"’ is added to the set Uy A" before item V. For a specific
set A" V; replaces an item in A if fUtE[T,]At(‘/j) > 2-miny 0 V(f, Ueir) AL V).

tg,;TAt (V)7 with UtG[T/]At = {V/ c Ute[T’]At: V/ < V},

Upon the t-th user visit, the system selects which active candidate set to output in a greedy
manner. To be specific, let G*,--- ,G*~! denote the candidate sets that have already been
presented to the user, and T represent the indices of the remaining active sets. The system
selects the active set that offers the highest incremental gain with respect to the union of
previously presented sets. Formally, let j* = argmax;cr f (A U;;ll G7), and the system

outputs Gt = A7".

Theorem 3.1. Let T be the number of user accesses and T’ a given upper bound. Alg. 1
has competitive ratio ﬁ, space complezity O(T'k), and time complexity O(NKT").
If the exact number of visits T" is known, we can set the upper bound 7" = T' and obtain a
1/4-competitive ratio using Algorithm 1. However, the competitive ratio of Algorithm 1 can
be arbitrarily bad if T” is significantly larger than T. Note that our analysis is tight. We
can demonstrate that for any fixed T, the competitive ratio of Algorithm 1 is at most T%l’
which is only a constant factor away from our analysis. We provide the proof in Appendix C
in the supplementary.

3.2 A memory-efficient streaming algorithm with bounded competitive ratio

As shown in the previous section, to achieve a large enough competitive ratio with STORM,
the system must have a good enough estimate of the number of user visits 7. However,
in practice, this information is typically unavailable in advance. To address this issue,
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we discretize the range [T'] to generate multiple guesses for the value of T, and run a
separate instance of Algorithm 1 for each guess. When a user visits the system, each copy
of Algorithm 1 outputs a solution, and we select the best solution over all the outputs.

Specifically, Algorithm 2 (named STORM++) first initializes the set of guesses of T as
P ={di|i€[[T"/s]]}, where § € N is a parameter controlling the trade-off between compet-
itive ratio as well as the space and time complexity. In this construction, there always exists
a guess T € P that is between T' and T+ §. Therefore, if we would run Algorithm 1 with T
as the input parameter, and present the results to the user, we are guaranteed to have a com-
petitive ratio of at least 1/49 as shown in Theorem 3.1; however, we do not know the value of
T in advance. Thus, we adopt a greedy strategy to aggregate the results from all the copies
of Algorithm 1 to determine an output for each user visit. At the i-th user visit, we collect
the i-th output from each running copy of STORM with a different guess T' € P and select the
one that maximizes the incremental gain. This selection rule leads to the following result.

Theorem 3.2. Algorithm 2 has a competitive ratio of 1/86, space complexity O(T'2k/5),
and time complexity O(NKT'/5).

4 Empirical evaluation

We empirically evaluate the performance of our proposed algorithms STORM and STORM++.
We denote STORM(T') and STORM(T”) as the STORM algorithm with the input parameter set
to T (i.e., exact number of user accesses) and T" (i.e., upper bound of user accesses), resp.

We design our experiments to answer the following research questions: (Q1) How effective
are the solutions provided by STORM++ and STORM(T”) compared to other baselines and
to each other? (Q2) What is the impact of parameters § and k on the performance of
STorM++ and STORM(T”)? (Q3) How sensitive are STORM++ and STORM(T”) to the upper
bound 7" and do our algorithms require highly-accurate estimation of T to perform well?

We use the following baselines:

e LMGREEDY: Our upper-bound baseline, which assumes linear memory size in the
stream length, i.e., potentially unbounded memory (Algorithm 3).

o SIEVE++: Based on Kazemi et al. [23], we implement a heuristic version of the
SIEVE++ algorithm to solve the SSMOR problem. The adaption proceeds as follows:
(1) Before the first user visit, we run the exact SIEVE++ algorithm and obtain
output set S'. (2) For each subsequent i-th output, we run SIEVE++ on the data
stream between the (i — 1)-th and i-th user visits, using the marginal gain function

f(] U;;ll S') as the objective.

o PREEMPTION: We adapt the algorithm proposed by Buchbinder et al. [5] for solving
the S8MOR problem in the same way as described above for SIEVE++.

Datasets: We use six real-world datasets, including four rating datasets KuaiRec, Anime,
Beer and Yahoo, and two multi-label dataset RCV1 and Amazon. The number of items
these dataset contains vary from thousands to one million, and the topic sets size vary from
around 40 to around 4000. We provide the details in Appendix D.1 in the supplementary.

Experimental setting: To simulate the news item stream, we randomly shuffle the items
to form a stream of length N. To simulate the user visit sequence, we start with an all-zeros
sequence and then randomly select T' indices, and set those positions to one. We establish
an upper bound on the number of visits by setting 7" = T + AT for some positive AT. We
generate synthetic click probabilities, and provide the details in Appendix D.1.

In all experiments, we randomly selected 50 users and report the average expected coverage
for the Yahoo, RCV1, and Amazon datasets. Standard deviations and expected coverage
results for the other three datasets are provided in Appendix D in the supplementary. We
also report runtime and memory usage on the largest dataset, Amazon.
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Figure 3: Empirical variation in expected coverage as a function of number of visit 7" on all
datasets. Parameter k¥ = 10, § = 10 and AT = 10 are fixed.

All experiments ran on a MacBook Air (Model Mac15,12) equipped with an Apple M3 chip
(8-core: 4 performance and 4 efficiency cores), 16 GB of memory, and a solid-state drive
(SSD). The source code and datasets are available.!

Results and discussion

Impact of £ and T on the expected coverage. As shown in Figure 2, LMGREEDY
achieves the best performance across all datasets and values of k. Among our proposed
methods, STORM(T') consistently performs the best, followed by STORM++, then STORM(T").
Compared to baselines SIEVE++ and PREEMPTION, our algorithms generally perform better
across datasets and values of k, with exceptions on RCV1, where PREEMPTION performs
comparably to STORM(T”). In Figure 3, we observe a trend shift: STORM++ slightly outper-
forms STORM(T”) and STORM(T') across datasets and T values. STORM(T”) and STORM(T)
perform comparably. This performance shift is due to smaller 6 and AT in this experi-
ment, which lead to improved competitive ratios for STORM(T") and STORM++. Although
STORM(T') offers the strongest theoretical guarantee of the three algorithms, STORM(7"”) and
STORM++ can empirically outperform it (we give an example of this effect in Appendix D.2).

Performance regarding parameters ¢ and AT. Figure 4a shows that STORM++’s
expected coverage decreases as ¢ increases, consistent with theory: as § grows from 3 to
30, the performance guarantee drops by a factor of 10. This is reflected empirically with
coverage declines across datasets, for example, from 130 to 120 on Amazon.

Figure 4b shows that STORM(T")’s performance declines with increasing AT, matching the
theoretical drop in competitive ratio (e.g., 10-fold decrease from AT = 10 to 100). In
contrast, STORM++ is theoretically unaffected.

Number of oracle calls, runtime and memory. Figure 4c shows that the number of
oracle calls increases rapidly and linearly with budget k for both STORM(T') and STORM++,

1
https://anonymous.4open.science/r/Streaming-Submodular-maximization-with-on-demand-user-request-0095
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Figure 4: Left two: Impact of AT and 6 on expected coverage. In (a) and (b), we fix k=5
and T = 10. When varying 4, we fix AT = 60; when varying AT, we fix 6 = 10. Right two:
Oracle call counts on the Beer dataset. We fix § = 25 and AT = 45. When varying k, we
fix T = 5; when varying T, we fix k = 5.

Table 2: Runtime and mem. usage for the Amazon dataset. We set k, T', and § to 10, T = 20.
STorRM++  STORM(T”)  STORM(T)  LMGREEDY  SIEVE++  PREEMPTION

Runtime (s) 35.13 7.94 4.38 88.13 307.43 136.04
Memory (MB) 2.00 1.28 0.72 28.99 0.91 0.03

while remaining relatively stable for other algorithms. Similarly, Figure 4d indicates a linear
increase in oracle calls with user visits 7" for STORM(T”), STORM(T"), and LM GREEDY, but
a much slower growth for SIEVE++ and PREEMPTION. Notably, Figure 4d also reveals a
non-monotonic trend: oracle calls first rise, then decline with increasing T'. This increase is
due to the guessing strategy for T under § = 25 and AT’ = 45, where the number of guesses
T increases (T = {25,50} for T = 3 and T = {25,50,75} for T € [6,30]). The decrease
is due to STORM++’s irrevocability—as more subsets are presented to the user, fewer items
remain in S for potential swap, thereby reducing the number of subsequent oracle calls.

Table 2 shows that our proposed algorithms require much less memory than LM GREEDY,
and use comparable memory to the other two baselines. STORM(7T”) and STORM(T') are also
significantly faster than the remaining algorithms.

5 Conclusion

We investigate a mnovel online setting for streaming submodular maximization where
users submit on-demand requests throughout the stream. In this context, we introduce
the Streaming Stochastic Submodular Mazimization with On-demand Requests (S3SMOR)
problem with the goal of maximizing the expected coverage of the selected items. We first
propose a memory-efficient approximation algorithm that highlights the trade-off between
memory usage and solution quality, but its competitive ratio can be poor. To solve this,
we propose a parameter-dependent memory-efficient approximation algorithm to trade off
between the competitive ratio and the memory and time usage. Our empirical evaluations
show that our proposed algorithms consistently outperform the baselines. We believe our
approach will have a positive social impact. For instance, it can be applied to enhance
the diversity of news content recommended to the users, thereby helping to expose them
to multiple viewpoints and broaden their knowledge. While our approach optimizes topic
coverage and can be used to promote content diversity, its misuse, such as deliberately
optimizing a submodular utility function that favors polarized or biased content, could risk
amplifying existing biases. However, such outcomes would require intentional manipulation
of the objective function. When applied responsibly, our approach does not pose such risks.
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A Preliminaries

We use [j], with j € N, to denote the set {1,2,...,5}. A set system is a pair (U, Z), where U
is a ground set and Z is a family of subsets of U.

Definition A.1 (Matroid). A set system (U,Z) is a matroid if
(i) ez,
(ii) for B€ T and any A C B we have A € Z, and

(iii) if A€ Z, B€Z and |A| < |B|, then there exists e € B\ A such that AU {e} € T.

Definition A.2 (Partition matroid). A matroid M = (U,Z) is a partition matroid if there
exists a partition {E;}I_, of U, ie.,, U = Ul_1E; and E; N E; = 0 for all i # j, and
non-negative integers ki, ..., k., such that T ={I CU: |INE;| <k; for all i € [r]}.

A non-negative set function f: 2V — R is called submodular if for all sets A C B C U and
all elements e € U\ B, it is f(AU{e})—f(A) > f(BU{e})—f(B). The function f is monotone
if for all A C B it is f(A) < f(B). Let U be a finite ground set, and let f: 2V — Rxq be
a monotone submodular set function. The constrained submodular mazximization problem is
to find maxger f(.9), where Z C 2V represents the feasibility constraints.

For ease of notation, for any two sets A C U and B C U, and any item e € U, we write
A+ Bfor AUB, A+efor AU{e}, A— B for A\ B, and A —e for A\ {e}. We write
f(A| B) and f(e| B) for the incremental gain respectively defined as f(AU B) — f(B) and

f(AU{e}) = f(A).

We evaluate the performance of online streaming algorithms that make irrevocable decisions
using the notion of competitive ratio. An algorithm is called c¢-competitive if, for every input

stream o, the value A(o) achieved by algorithm A satisfies o;;‘(T"()U) > ¢, where OPT(0)

denotes the value of an optimal offline solution with full access to the input stream.

B Omitted proofs of Section 2

Lemma 2.1. f(S) is a non-decreasing submodular set function.

Proof. For any set S, we can rewrite Equation (1). Denote & = UL ;S' and we allow
multiple copies of V; to appear in S (the copies come from each §!). Note that S is a
multi-set, and

d d
fS=>11-11 II a-e)|=>11- ] Q-m)

j=1 te[T) V,eSt, V3¢, j=1 VieS,Vidc;

Let ¢;(S) =1 - HVieS,Vqu(l —pi). Then f(S) = Z?:l 9;(S). To prove the lemma, it
suffices to show that g; is non-decreasing and submodular for all j € [d].

Non-decreasing property: For any two sets X C Y and for all j € [d], it is

gV —gx)=(1- ] «a-p)| ] @Q-p)=o0.

ViEV\X,V;3¢; VieX,Vi3e;

13
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Algorithm 3: LMGREEDY

Input: Budget k € N.
g07"'7gT<_®7g<_®7V1<_®7t:1

for (V,7,p) in the stream do
Vi VEu{V}
if =1 then
Nt VE
for j =1 to k do
V* +— argmaxy e f(GUGHU{V})
gt — gt U {V*}
Nt — NE\ V™
output G?
G=Ggug
Vt—i—l — Vt
| T t+1

Submodularity: Let X C ), and let Z € Y be an element not in Y. Then, for all j€ld,
the following holds:

g (Y U{Z}) = g;(¥) — [9;(X U{Z}) — g;(X)]

=(1- I «a-» II a-po-{1- JI @-») I a-»

Vie{Z},Vidc; VieY,Vidc, Vie{Z},Vidc; VieX,Vidc;
=1- JI @a-p) II a-p)-1 II a-p)<o
Vie{Z},Vidc; Vi€VY\X,Vi>¢; VieX,Vidc;
O

Theorem 2.4. Algorithm 3 for Problem 2.2 is 1/2-competitive. Moreover, the competitive
ratio of 1/2 is tight, i.e., for Problem 2.2, no streaming algorithm can achieve a competitive
ratio better than 1/2 without violating the irrevocability constraint.

Proof. We first prove that Algorithm 3 is 1/2 competitive for Problem 2.2.

Let O,---, OT be the optimal output sets, and let G',--- ,G” be the output sets obtained
by Algorithm 3. Since we treat each copy of the same item as a distinct item, it follows that

for any i # 7, O'NOI =P and G'NGI = 0. We let G = J]_, G* and O = |J]_, O".
We prove that the following holds:

(a) T
o)< @+ S 1via2rio+3 S 1vig) 2)
VeoO\G i=1 VeO\g
i+ T 119 € H0o+ T Y fv U ).
t=1VeOi t=1VeOi J=1

Inequalities (a) and (d) holds by submodularity, (¢) holds by monotonicity, and equality (b)
holds because {O%,--- , OT} form a partition of O.

Next, we bound the final term of Equation (2). We denote O = {O%,--- ,0%}, and G* =
{Gi,--- G}, with G; representing the j-th item that is added to G* during the greedy
selection steps. Note that, we can assume |G| = |O] = k, because f is monotone. The

14
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following holds

k 7 ) (a) k ) 1—1 ) -1 )
waugﬂ =S roi1Je) < S roi e+ e (3)
Veoi =1 j=1 =1 j=1 s=1
b k —1 -1 7 1—1
SZ G’\Ugj U =rJg-Ua,
=1 s=1 j=1 j=1

where inequality (a) holds by submodularity, and inequality (b) holds by design of the greedy
algorithm (Line 7 of Algorithm 3).

Combining Equation (2) and Equation (3) finishes the proof:
T i i1
FO)<F@+ X U~ UG =2/9) - £(8°) < 2£(9). (4)
t=1  j=1 j=1

Furthermore, we prove that the competitive ratio of 1/2 is tight for Problem 2.2.

Consider a simple adversarial example with budget £ = 1 and a stream given by
S = ((Vla 07 1)7 (‘/Qa 17 1)7 (‘/37 17 1)) )

where Vi = {c1,ca} and Vo = {c3,c4}. For any algorithm, if it selects S* = {V;} as the
first set to present, the adversary sets V3 = {cj,ca}. Conversely, if the algorithm selects
St = {V4}, then the adversary sets V3 = {c3,c4}.

In either case, the algorithm can only cover two topics, while the optimal solution covers all
four. Thus, the competitive ratio is at most % = %, which completes the proof.

O

C Omitted proofs of Section 3

Before presenting the omitted proofs in Section 3, we provide a detailed description of the
reductions used in our analysis.

We begin by formally defining the streaming submodular maximization problem subject to
a partition matroid constraint (S2MM). Our definition adapts the streaming submodular
maximization framework under a p-matchoid constraint, as introduced by Chekuri et al. [8],
and is stated as follows:

Problem C.1 (S2MM). Let M = (S,T) be a partition matroid and f a submodular func-

tion. The elements of S are presented in a stream, and we order S by order of appearance.
The goal of the S2MM problem is to select a subset of items A € T that mazimizes f(A).

We demonstrate two types of reductions from an instance of S8MOR to an instance of
S2MM , depending on whether we know the exact value of T. Algorithm 1, as presented in
the main content, is based on the second reduction, where we only know an upper bound
T of T.

C.1 The case when the exact number of visits T is known

First, we show that if the exact number of user visits T is known, the SSMOR problem
reduces to the S2MM problem. Specifically, any streaming algorithm for S2MM that satisfies
the irrevocable output requirement can solve SSMOR while maintaining the same competitive
ratio. The irrevocable output requirement requires that the output subset for any partition
becomes fixed irrevocably once all its items have appeared in the stream.

The reduction. Given an instance of the SSMOR problem, where the stream is given by

S = ((Vl,p1,71)7~-~,(VN7PN,TN))7
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Figure 5: Ilustration of the reduction when the exact number of visits T" is known. The
original item stream for the SSMOR problem is (Vi,...,V,,), with user accesses occurring

at time steps rq,...,rr. The constructed stream for the S2MM problem is S = |_|Z;1 S.

with a budget k, and the function f as defined in Equation (1), we can construct a corre-
sponding instance of the S2MM problem.

Recall that r; denotes the time step at which the user submits the ¢-th visit (with o = 0), and
V! denotes a copy of item V; with copy identifier ¢. We use | | to denote the concatenation

of streams. An instance of the S2MM problem with input stream S can be constructed
as follows:

L Let Sy =, (V- Vi) for all t € [T], to be specific,

< t T
St = Vt 1+ ‘/H 1+1’Vt 1+20 7 Vt 1420777 ‘/737”. "/;'t
—_——
i=rs_1+1 i=ri_1+2 =Ty
2. Let S = |_|tT:1 S: be the concatenation of sub-streams Sq,---,Sp, ie., S =
(S1,---,S7).

3. Let V! = {Vi}t, = {V{,...,ViL}.

4. Construct Z in the following way: for any set X C UZ:l VEif [ X NV < k for all
1<t<T,then X € Z.

R T
5. Let pt = p; denote a copy of p; with copy identifier ¢ € [T']. Define f : Ui V'

R>o. Specifically, for any A C Uthl Vi o let A' = AN V. Then, f is defined as
follows:

d
Ja=>1-T1 TI a-#]. (5)

j=1 te[T| V€A, Vise;
and the goal of S2MM is to find A € Z that maximizes f(A).

We observe that M = (7 7), as defined above, forms a partition matroid on the constructed

stream S, with S = Ut L Vtand V' N;x; W/ = . By construction, for each visit ¢ € [T, the
partition Vt contains exactly the set of items that arrived in the system before the ¢-th user
visit in the SSMOR problem. Since the S2MM problem and the S3MOR problem share
equivalent objective functions and equivalent constraints, we conclude the following: for any
optimal solution O € T of the S2MM problem, the sequence of subsets

onvt, ..., onVt
yields optimal output for the S3MOR problem at each corresponding ¢-th user visit.
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We can further conclude that any streaming algorithm achieving an a-competitive solution
for the S2MM problem also yields an a-competitive solution for the S3MOR problem. For
this equivalence to hold, the streaming algorithm for S2MM must satisfy the irrevocable
output requirement: for each partition V! of the stream, once the final item from this partition
has arrived, the solution that belongs to this partition, .A N V¢, can no longer be changed.
This requirement excludes algorithms like that of Feldman et al. [11], whose solution set
only becomes available after the stream terminates. In contrast, the algorithms proposed
by Chakrabarti and Kale [7], Chekuri et al. [§], and Feldman et al. [10] are suitable. These
three algorithms all meet the requirement while providing 1/4-competitive solutions for the
S2MM problem.

C.2 The case when only an upper bound 7" of T is available

Consider the case where only an upper bound T” of the true number of user visits T is
known. We prove the following: (1) An instance of the S2MM problem can be constructed
such that any feasible solution to the S2MM problem contains a valid solution for the
S3MOR problem. (2) Any streaming algorithm that solves the S2MM problem and satisfies
the idrrevocable output requirement can be adapted to solve the SSMOR problem, albeit
with a reduced competitive ratio. Specifically, the competitive ratio decays by a factor of
1/(T"-=T+1).

In contrast to the reduction we present in Appendix C.1, the construction of the stream for
the S2MM problem depends on both the original stream S, and the algorithmic procedure
described in Algorithm 1. We will prove that:

1. Algorithm 1 generates a corresponding stream S for the S2MM problem

2. The candidate sets {A!,---, AT'} maintained by Algorithm 1 forms a solution to
the S2MM problem; the output {G!,---,GT} of Algorithm 1 forms a solution to
the SSMOR problem.

By Algorithm 1 line 11, we can construct a bijective mapping 7 between the index sets of
{G',...,GT} and {A!, ... ,.AT/}. This mapping satisfies the equality:

Gt =AM forall t € [T].
Let 7° = {1,2,...,T'} denote the initial index set of all active candidate sets. For each

t > 1, let T represent the index set of active candidate sets before the ¢-th visit and after
the (¢t — 1)-th visit. The active index sets evolve as follows:

(1) For all t € [T]: Tt =T\ {rx(t)}, and
(2) forallt € {T+1,....T'}: Tt =T7T.

The reduction.

1. We construct the stream S for S2MM as follows
St _ { U;%Tt—1+1 acT? (V;a) ) fort € [T]’ ,
iy 11 Lyerr (V), forte{T+1,.--- T}
2. Let S = |_|;F:1 St be the concatnation of Sl, e ,ST.
3. Let p(t) = 7~ 1(t), and

Dt {{Vf}fj({) ={Vi,.... V! .}, for t € {m(1),--- ,7(T)},
Vi Vit fort € TO\ {mw(1), - ,7(T)}.

T

4. Construct Z in the following way: for any set X C UtT:/1 Pt if | X N l>t| < k for all
1<t<T, then X €.
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Figure 6: An example illustrating the reduction when only an upper bound 7" of the true
number of visits T is available. In this example, T = 3 and T’ = 5. The original item stream
for the S3MOR problem is given by (Vi,Va,...,V,,), with user visits occurring at time

steps 11, 2, and r3. The constructed stream for the S2MM problem is S = |_|§’=1 St, where
g1 = U:il |_|ae[5](via)v S2 = U:imﬂ |_|ae{1,2,3,5}(via)v and S3 = I_lzirz-i-l |_|ae{2,3,5}(via)~
Algorithm 1 maintains and updates A* € V* for all ¢ € [5] upon the arrival of each item
in S. At the visit time steps r1, 7o, and 73, it outputs G! = A4, G2 = A, and G3 = A2,
respectively. By the end of the stream, the union Ule At constitutes a 1/4-competitive
solution for the S2MM problem on input S. The combined solution Ule Gtisa m-
competitive solution for the original SS$MOR problem.

5. Let p! = p; denote a copy of p; with copy identifier ¢ € [T’]. The goal is to select

A= UZ; At € T that maximizes f(A). The submodular function f is given as
follows:

fw=3 (-1 II «a-m). 0

Jj=1 tE[T’] VitEAt,VitBCj

Given the above construction, we can verify that M = (S,f) is an instance of a partition
matroid defined on the constructed stream S, with § = (JI_, V! and Vi N;; V7 = 0. By

construction, the partitions V™) of § satisfy: (1) for each ¢ € [T, V™(®) contains exactly the
set of items that arrived before the t-th user visit in the S3MOR problem (2) The remaining
T’ — T partitions each contain the same set of items that arrived before the final user visit.

The design ensures that each output G' satisfies Gt C V™®) and |Gt| < k, for all t € [T].
Consequently, the sequence G',...,GT constitutes feasible output for the S3MOR problem.

Following Algorithm 1, we conclude that for all ¢ € [T”], we have A* C V! with |Af| < k.
Consequently, the union Uthl At forms a feasible solution to the S2MM problem.
Since Algorithm 1 essentially applies the streaming algorithm of Chekuri et al. [8] to the

constructed stream S, the solution Uz;/l A! achieves a 1/4-approximation guarantee for the
S2MM problem.

C.3 Omitted proofs

Theorem 3.1. Let T be the number of user accesses and T' a given upper bound. Alg. 1

has competitive ratio ﬁ, space complezity O(T'k), and time complexity O(NKT").
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Proof. Following the notations and conclusions we have in Appendix C.2, we are ready to
prove Theorem 3.1. Let O',---,OT be the optimal solution for the SSMOR problem, and

let O = U75 L O, where O = O NV, denotes the optimal solution for the S2MM. We have

T T—1 T—1 T—1
FUUGY = £ A™D + 47Ty = p(A™D | | ] A™D) 4 £ ([ A™D) (7)
t=1 t=1 t=1 t=1
(a) 1
- - s 7 (t) i
T o > A|UA +fUA
sET\UI M {m(t)} t=1
1 T—1 1 T—1
s 7 (t) m(t)
ZT’—TJrl Z f(AIUA )+T’—T+1f(UA )
seT\U ()} t=1 t=1
1 & © 1 T @ 1 T
[€) t - t - t
T —-T+1 UA —4(T T+1)f(L:J10)Z4(T T+1)f(!10)’

where inequality (a) holds because by line 9 of Algorithm 1, that A™() is selected with
the largest marginal gain in terms of f (UT 1A”(t)) Inequality (b) holds by submodu-

larity. Inequality (c¢) holds because, as concluded in Appendix C.2, Uthll At achieves a
1/4-approximation guarantee for the S2MM problem. Finally, inequality (d) holds by con-

tradiction: if f(UtT=1 o) > f(UtTZI1 O'), then there exists a feasible solution for the S2MM
problem where for all ¢ € [T], A' = O, and regardless of the choice of ATT1 ... AT it

holds that f(UtTZI1 Ay > (UL, 01 > f(Uthl1 O"), which contradicts that O is an opti-

mal solution.

Complexity analysis. The space complexity is in O(T"k) because STORM only needs to
maintain 7”7 candidate sets of size k. The time complexity is measured by the number of
oracle calls to measure the f value for any selected subset. Upon the arrival of each item,
STORM makes T'k oracle calls, thus the time complexity is in O(NT'k).

O

Tightness of our results. Note that the analysis in Equation (7) is tight. In the following,
we show that for any value of T, we can construct a stream such that STORM cannot do

better than T,%TH, which is only a constant factor away from our analysis in Theorem 3.1.

To see this, consider an instance of the S3MOR problem with budget & = 1, the user visits

one time at the end of the stream, and we have an estimated number of user visits 7" > 1,
the stream is constructed as below:

S1 = (({1}7 170)7 ({2}7 170)7 T ({T/}7 1’0)7 ({1’ T ’T/}’ L 1))

The STORM(T”) algorithm outputs one of the first 77 items and achieves an expected topic
coverage of value 1, while the optimal solution is to select the last 1tem and obtain an
expected coverage of value T The competitive ratio in this instance is T/, while Alg. 1 has

competitive ratio m 4T, .

Note that for all possible numbers of user Vlslts T and T’ > T, we can construct a stream
such that STORM cannot do better than =—=—. For example, when T" = 2, we can construct
a sub-stream So as follows

Se = (({T" +1,7" +2},1,0),--- ,({2T" — 1,27"},1,0), {T" +1,--- ,3T" — 3},1,1))

By concatenating S; and S5, we obtain a new stream where the user visits for 2 times. With
budget & = 1, STORM(T") achieves an expected coverage 3, while the optimal expected
coverage ib 3(T" —1), leading to a competitive ratio of with is again a 1/4 factor away

1
(T — T+1) 1"

T+1

T’ 1’

from

19



661
662
663
664

665

666
667

668

669
670

671

672
673

674
675

676
677
678
679

Lemma C.2. Let T be the number of user accesses and T' be a given upper bound. Algo-
rithm 2 generates a set of guesses of T as P = {04 | i€ L[T /511}. Let T* be the smallest
integer in P that is larger than or equal to T. Let G, - be the output of STORM(T™),
and let BY,--- BT be the output of Algorithm 2, then it holds that

t+1

f(UBt)Zf(UGtHZ_:[ UB%UQ (U Iud. ®

Proof. We prove Equation (8) via induction.

When T = 1, according to line 7 of Algorithm 2 that B! is chosen with the largest marginal
gain, it holds that f(B') > f(G1).

The base case for the induction starts from T = 2. It is

FBL.BY) = (B + 182 | BY) 2 £(G") + F(G* | BY)
=f(G'UBY) — f(B"| ")+ f(G* | BY)
= f(BY) + f(G" | BY) — f(B" | G") + f(G* | B
2 /G UGt | BY + f(BY) — (B G) = (B',G".6%) — (8" | G')
= f(G5.6%) + f(B' | G'ug?) — f(B'|GY),
where inequality (a) holds because f(B') > f(G!) and f(B? | BY) > f(G? | B'). Inequal-
ity (b) holds by submodularity.
We then prove the induction step. Assume for T' = j, it holds

t+1 t

Bz +> [ UBS\UQ U U] 9)
t=1 t=1 t=1 s= s=1

We can use ¢; to represent the second term in Equation (9), i.e., f( i:l Bt > f( zzl G+
¢, we can then show that for "= j + 1 it holds

j+1 J J J
fUBHy=fwt B+ £l BY < p UBt + U )+ &;
t=1 t=1 t=1 t=1 t=1
J J J J
Ugﬂ\UBt +rUBY-rUB 1)+ @1 UBsH)+¢;
t=1 t=1 t=1 t=1
J+1 i J J
Ugt|UBt +rUsy-sUs 1lUeh+e;
t=1 t=1 t=1
J+1 J+1 J J
Ug )+ £( UBf Ugh-rUsB 1Jg)+e;
t=1 t=1 t=1 1

J+1 J t+1

=f<L_J1gj)+;[ LijswL_Jg |Ug )].

Here, inequality (a) holds by the induction assumption, and (b) holds by submodularity.
This completes the induction. O

er

Lemma C.3. Let T be the number of user accesses and T' be a given upper bound. Algo-
rithm 2 generates a set of guesses of T as P = {di | i € L[T /51]}. Let T* be the smallest
integer in P that is larger than or equal to T. Let G, - - be the output of STORM(T™),
and let BY,--- BT be the output of Algorithm 2. It holds that

7B = 57(J ). (10)
t=1 t=1
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Proof. Lemma C.3 is a direct result of Lemma C.2, as we can show that

t+1

Tzl[ OB“"UW (s SOQS)}z—ﬂLTJBt)-

s=1

To prove that the above inequality holds, we proceed to show that

T-1 t t+1
> [-rUs1Ue)+s( UB“’ Ugé}sﬂ
t=1 s=1 =
Indeed, it is

T-1 t+1 t

> |- fUBng +fU U9

t=1 s=1 s=1

T-1 t+1

U Bs U gs }
2[ t+1 t+1 t+1

F(B' 16 Z rys e - UBS\UQ

t+1 t+1 t+1 ‘|

1 UWlU&)

t=1 s=1

T-2
<fBY+

T-2

:mﬁ+2

ryJsiyen - UBSIUQS
s=1 s=1
t+1 t+1 t+1

ﬂUW+UgW#Qﬂm

t+1

ﬂ

UBt<fU t)

Combining Equation (12) with Equation (8), we can obtain Equation (10).

T—1 T
]-ﬂussu¢>

t+1

T
Us
t=1

t+1

Uw+Ug+ng
£(BY) +Zf8t+1\UBS+Ug ) < f(BY) +Zf8t+1|UBS

(11)

Theorem 3.2. Algorithm 2 has a competitive ratio of 1/85, space complexity (’)(T’ij/d),

and time complexity O(NKT'/5).

Proof. Let T* be the smallest integer in P = {di | i € [[T'/s]]} that is larger than or equal

to T. Let G,--- ,GT be the output of STORM(T™)

Observe that T* < T 4 ¢ — 1, otherwise we can set T* as T* — § and it is still an upper

bound of T. By Theorem 3.1, it holds that
T T 1
t
>___ - —
109 U > s

Combining Equation (13) with Lemma C.3, we conclude that

sUs =z 50U = rlJ o
t=1 t=1 t=1

Since STORM++ maintains [7'/s] copies of STORM, each copy of STORM has time complexity
in O(NKT') and space complexity in O(T'k), the space complexity for the STORM++ is

O(T"*k/6), and the time complexity is O(NkT"*/5).
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D Additional content for Section 4

D.1 Dataset and experimental setting
We use the following six datasets:

o KuaiRec [14]: Recommendation logs from a video-sharing mobile app, containing
metadata such as each video’s categories and watch ratio. We use the watch ratio,
computed as the user’s viewing time divided by the video’s duration, as the user
rating score. The dataset includes 7043 videos across 100 categories.

o Anime:> A dataset of animation ratings in the range [1,10], consisting of 7745

animation items across 43 genres.

o Beer:?® This dataset contains BeerAdvocate reviews [32, 31], along with categorical
attributes for each beer. After filtering out beers and reviewers with fewer than 10
reviews, the final dataset includes 9 000 beers across 70 categories.

e Yahoo:* A music rating dataset with ratings in the range [1,5]. After filtering
out users with fewer than 20 ratings, the dataset includes 136 736 songs across 58
genres.

« RCV1 [28]: A multi-label dataset, each item is a news story from Reuters, Ltd. for
research use. We sample 462 225 stories across 476 unique labels.

o Amazon [30]: A multi-label dataset consisting of 1117006 Amazon products over
3750 unique labels. This dataset is a subset of the publicly available dataset.

Experimental setting To obtain the click probabilities for each item, we generate them
uniformly at random in the range [0,0.2] for the RCV1 and Amazon datasets. For the four
item-rating datasets, we estimate click probabilities by computing a low-rank completion of
the user-item rating matrix using matrix factorization [25]. This yields latent feature vectors
w, for each user u and v,, for each item m, where the inner product w, v,, approximates
user u’s rating for item m. We then apply standard min-max normalization to the predicted
ratings and linearly scale the results to the range [0,0.5] to obtain click probabilities. We
set the latent feature dimension to 15 for the KuaiRec dataset, and to 20 for the remaining
three rating datasets. While click probability ranges can vary in real-world scenarios, where
larger ranges can lead to faster convergence toward the maximum expected coverage value,
we intentionally set the probabilities to be small in our experiments. This allows us to
observe performance changes over a wider range of parameter settings.

Implementation To enhance the computational efficiency of the LMGREEDY algorithm
(described in Algorithm 3), we implement lines 6-9 using the STOCHASTIC-GREEDY
approach introduced by Mirzasoleiman et al. [35]. For the implementations of STORM and
STORM++, we incorporate the sampling technique from Feldman et al. [10]. Specifically,
when adding each item (with potential replacement) to each candidate set, we ignore it
with probability 2/3.

D.2 Omitted results

In this section, we present additional experimental results and analyses. Specifically, we
show how the expected coverage changes as the budget k varies in Figure 7, and as the
number of user visits T varies in Figure 8. The standard deviation of the expected coverage,
as k and T are varied, is reported in Figure 10 and Figure 11, respectively. Finally, we
present the effect of varying 6 and AT on the expected coverage in Figure 9.

Why Storm++ and Storm(7’) outperform Storm(7)? We present a simple ex-
ample where STORM(T”) outperforms STORM(T). Consider the input stream S =
(({1},1,0), ({2},1,0), ({3,4},0.9,1), ({5,6},1,1)) with budget k¥ = 1 and actual number of

*https://www.kaggle.com/datasets/CooperUnion/anime-recommendations-database
Shttps://cseweb.ucsd.edu/~jmcauley/datasets.html
‘https://webscope.sandbox.yahoo.com/catalog.php?datatype=i&did=67
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Figure 7: Empirical variation in expected coverage as a function of budget & on three smaller
datasets. Parameter T' =5, 6 = 25 and AT = 45 are fixed
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Figure 8: Empirical variation in expected coverage as a function of number of visits 7" on
three smaller datasets. Parameter £ = 10, 6 = 10 and AT = 10 are fixed.

visits T' = 2. The algorithm STORM(2) selects either {1} or {2} for the first visit, and {5,6}
for the second, achieving expected coverage of 3.

If we overestimate the visits and set 7/ = 3, STORM(3) instead selects {3, 4} first and {5,6}
second, yielding an expected coverage of 3.8, which is higher than when the number of visits
is known exactly. Likewise, STORM++ with 7" = 3 and § = 3 matches STORM(3), and
achieves the same coverage of 3.8.

This example shows that while STORM(T) has the strongest theoretical guarantee,
STORM(T”) and STORM++ can outperform it empirically, which explains the trends observed
in our experiments.
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Figure 9: Impact of AT and ¢ on expected coverage on three larger datasets. In (a) and
(b), we fix k =5 and T = 10. When varying J, we fix AT = 60; when varying AT, we fix
60 = 10.
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of budget k on all datasets. Parameter T' =5, § = 25 and AT = 45 are fixed.
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Figure 11: Empirical variation in standard deviation for the expected coverage as a function
of the number of user visits 7" on all datasets. Parameter k = 10, § = 10 and AT = 10 are

fixed.
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