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Abstract

We explore a novel problem in streaming submodular maximization, in-1

spired by the dynamics of news-recommendation platforms. We consider a2

setting where users can visit a news website at any time, and upon each3

visit, the website must display up to k news items. User interactions are in-4

herently stochastic: each news item presented to the user is consumed with5

a certain acceptance probability by the user, and each news item covers6

certain topics. Our goal is to design a streaming algorithm that maximizes7

the expected total topic coverage. To address this problem, we establish8

a connection to submodular maximization subject to a matroid constraint.9

We show that we can effectively adapt previous methods to address our10

problem when the number of user visits is known in advance or linear-size11

memory in the stream length is available. However, in more realistic sce-12

narios where only an upper bound on the visits and sublinear memory is13

available, the algorithms fail to guarantee any bounded performance. To14

overcome these limitations, we introduce a new online streaming algorithm15

that achieves a competitive ratio of 1/8δ, where δ controls the approxima-16

tion quality. Moreover, it requires only a single pass over the stream, and17

uses memory independent of the stream length. Empirically, our algorithms18

consistently outperform the baselines.19

1 Introduction20

Streaming submodular maximization has been extensively studied under various feasibility21

constraints, including matchoid [7, 8, 10], matroid [9], knapsack [21, 22] and k-set [20]22

constraints. In the classical setting, the goal is to select a single subset of items from a data23

stream and output it when the stream ended. However, this classical framework falls short in24

many real-world scenarios, for example, when seeking to maximize content coverage in online25

news recommendation. In such a setting, users visit a news website multiple times and expect26

to receive a relevant set of articles on each visit. Meanwhile, new articles continuously arrive27

at the content-provider’s server in a stream fashion. The long-term objective is to maximize28

the total content coverage across user visits. Existing streaming submodular maximization29

algorithms are ill-suited for this use case, as they are designed to produce a single solution30

and do not support multiple or on-demand user interactions during the stream.31

Motivated by this limitation, we introduce a novel problem called Streaming Stochastic Sub-32

modular Maximization with On-demand Requests (S3MOR). While the setting is broadly33

applicable to streaming submodular maximization tasks with multiple output requirements,34

we focus on the news recommendation task for illustration. Therefore, in S3MOR, the data35

stream consists of incoming news items that the system aggregates into a personalized news36
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Table 1: Comparison of our algorithms. N ∈ N denotes the stream length, k ∈ N number of
news items to present per user access, T ∈ N and T ′ ∈ N are the exact number and upper
bound of user accesses, and δ ∈ N an approximation parameter.

Algorithm Competitive ratio Time Space
LMGreedy 1/2 O(NT ′k) O(N + kT )
Storm 1/4(T ′ − T + 1) O(NT ′k) O(T ′k)
Storm++ 1/8δ O(NT

′2k/δ) O(T
′2k/δ)

website. Each item Vi covers a set of topics and is associated with a probability pi, represent-37

ing the probability that a user will click on the item when it is presented. A user may visit38

the system arbitrarily often and at any time during the stream. At each visit, the system39

must select and present a subset of at most k items from those that have arrived in the stream40

up to that point. If a user clicks on item Vi, they are exposed to all topics associated with41

that item. The objective is to maximize the expected total number of unique topics covered42

by all user clicks across all visits. This setting is challenging due to its online character:43

• On-demand: At any point, the system must be ready to output a subset of news items.44

• Irrevocability: Once a subset is presented to the user, it cannot be modified.45

To the best of our knowledge, no existing algorithm directly addresses the S3MOR problem.46

Our contributions. We develop approximation algorithms for the novel problem of47

streaming stochastic submodular maximization with on-demand requests (S3MOR). Our48

algorithms are based on reducing S3MOR to streaming submodular maximization under49

a partition matroid constraint such that our framework can use existing online streaming50

algorithms to solve S3MOR. We analyze the competitive ratios of the obtained algorithms:51

• We prove that provided sufficient memory to store the whole stream, a greedy algo-52

rithm can achieve the best possible 1/2 competitive ratio for the S3MOR problem.53

• If the exact number T of user visits is known, the reduction preserves the competitive54

ratio of the underlying online streaming submodular algorithm.55

• However, in realistic scenarios, the number of user visits T is unknown and we need56

to guess the number of visits as T ′ > T . For this case, we introduce an algorithm57

Storm, which has a competitive ratio of 1
4(T ′−T +1) .58

• To achieve a better competitive ratio, we propose a second algorithm Storm++ that59

makes multiple concurrent guesses of T , maintaining one solution per guess. It then60

greedily aggregates outcomes across guesses. This algorithm achieves a competitive61

ratio of 1/8δ, where δ is a tunable parameter that balances efficiency and solution62

quality. The space and time complexity increase by a factor of δT ′ relative to the63

underlying streaming algorithm.64

We summarize the competitive ratio, space and time complexity for all algorithms mentioned65

above in Table 1. We validate our approach through empirical experiments on both large-66

scale and small-scale real-world datasets. Our results show the effectiveness of our algorithms67

in terms of coverage quality and memory usage, in comparison to relevant baselines.68

Notation and background. We assume familiarity with constrained submodular max-69

imization and competitive analysis. We provide formal definitions in Appendix A in the70

supplementary materials.71

Related work72

Submodular optimization plays a fundamental role in machine learning, combinatorial opti-73

mization, and data analysis [13, 26, 29], capturing problems with diminishing returns, and74

finding applications in data summarization [34, 42], non-parametric learning [17, 45], recom-75

mendation systems [1, 33, 38, 44], influence maximization [24], and network monitoring [13].76

The classical greedy algorithm achieves a (1−1/e)-approximation for monotone submodular77

maximization under cardinality constraints [39], and extends to matroid constraints [6, 12].78
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We study stochastic submodular coverage functions, where the objective depends on ran-79

dom realizations but selections must be made non-adaptively. This contrasts with adaptive80

submodularity [16, 18, 37, 41], which models sequential decision-making with feedback and81

supports strong guarantees for greedy strategies. Related work includes stochastic variants82

of set and submodular cover, where the objective itself is random; notable examples analyze83

adaptivity gaps and approximation bounds under oracle access [15, 19].84

Classical greedy algorithms for (constrained) submodular optimization [27, 35, 39] assume85

random access to the full dataset, which is infeasible in large-scale or streaming settings.86

This challenge has motivated streaming algorithms that make irrevocable decisions under87

memory constraints [4, 5, 9, 22, 23, 36]. Buchbinder et al. [5] apply the preemption paradigm,88

i.e., replacing elements with better ones, to achieve a tight (1/2 − ε)-approximation for89

monotone functions under cardinality constraints. Sieve++ [23] uses thresholding to achieve90

a (1/2−ε)-approximation under cardinality constraints using onlyO(k) memory. Extensions91

to matroid and partition constraints include [7, 8, 10]; for instance, Chekuri et al. [8] gives a92
1/4p-competitive online streaming algorithm for monotone p-matchoids. These approaches,93

however, do not handle stochastic item utilities or repeated, unpredictable user access. We94

address this gap by studying stochastic submodular coverage under partition constraints in95

a streaming model with limited memory and unknown user access requests.96

To extend submodularity to sequences, Alaei et al. [1] introduce sequence-submodularity and97

sequence-monotonicity, showing that a greedy algorithm achieves a (1−1/e)-approximation,98

with applications in online ad allocation. Similarly, Ohsaka and Yoshida [40] propose k-99

submodular functions to model optimization over k disjoint subsets, providing constant-100

factor approximations for monotone cases. In contrast to their settings, our problem involves101

making irrevocable decisions as an incoming stream of items progresses, requiring each of the102

k subsets to be constructed incrementally rather than all at once after seeing the entire input.103

Finally, diversity-aware recommendation and coverage problems are closely related, as many104

systems must recommend item sets rather than single items, motivating submodular ap-105

proaches to maximize coverage and user satisfaction [2, 43]. Ashkan et al. [3] propose a106

greedy offline method for maximizing utility under a submodular diversity constraint. Yue107

and Guestrin [44] use submodular bandits for diversified retrieval, learning user interaction108

probabilities adaptively rather than relying on a known oracle, as in our setting.109

2 Streaming submodular maximization with on-demand requests110

Problem setting. Consider V = {V1, V2, · · · } denoting the set of all items appearing in111

the news item stream. Each news item Vi ∈ V covers a subset of topics from a predefined set112

of topics C = {c1, c2, . . . , cd}, where d denotes the total number of topics. Formally, Vi ⊆ C113

for each i ∈ [n]. Additionally, each news item Vi is associated with a probability pi ∈ [0, 1],114

modeling the probability that a user will click the item when presented to them. When a115

user clicks a news item, we say that the user is exposed to all topics in the news item.116

We study a streaming setting. At each time step i, a news item Vi ∈ V arrives in the system.117

Moreover, we assume that we observe a binary variable τi ∈ {0, 1} indicating whether the118

user accesses the system at time step i. Specifically, τi = 1 denotes an access at time step119

i, and τi = 0 otherwise. Whenever τi = 1, the system should present at most k news items120

from the available news items {V1, . . . , Vi}. Now, suppose a user visits the system T times.121

The system outputs T sets S1, · · · ,ST , where St represents the items presented to the user122

at their t-th visit, for t ∈ [T ]. We allow the same item to be presented at multiple visits;123

however, we treat each appearance as a distinct copy. We make this choice as the user has124

multiple chances to click on an item if the item is presented multiple times. Therefore, for125

any t 6= s, we have St ∩ Ss = ∅. We define the set of all items presented to the user over126

the entire sequence of visits as S =
⋃T

t=1 St.127

Objective function. We define f(S) as the expected number of topics covered by the128

user after all T visits, where the expectation is taken over the probabilities of the user129

clicking at the news items. To formally define f(S), we introduce the following notation.130

Let σj ∈ {0, 1} be an indicator whether topic cj is covered after the user has been shown the131
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news sets S1, · · · ,ST ; that is, whether the user clicks on at least one news item that covers132

topic cj . The probability that topic cj is not covered, denoted by Pr(σj = 0), is equal to133

the probability that the user does not click on any of the news items that cover topic cj .134

Since the user clicks on item Vi with probability pi, the probability that they do not click on135

it is 1− pi and, thus, Pr(σj = 0) =
∏

t∈[T ]
∏

Vi∈St,Vi3cj
(1− pi), leading to the expectation136

E[σj ] = 1 −
∏

t∈[T ]
∏

Vi∈St,Vi3cj
(1 − pi). By linearity of expectation, the expected number137

of topics covered by a user, which we denote by f(S), is given by138

f(S) = E

 d∑
j=1

σj

 =
d∑

j=1
E[σj ] =

d∑
j=1

1−
∏

t∈[T ]

∏
Vi∈St,Vi3cj

(1− pi)

 . (1)

Lemma 2.1. f(S) is a non-decreasing submodular set function.139

Problem definition. We formally define our new problem streaming stochastic submod-140

ular maximization with on-demand requests (S3MOR) below.141

Problem 2.2 (S3MOR). We define a news item stream S as a sequence of triples: S =142

((V1, p1, τ1), . . . , (VN , pN , τN )) where N is the (unknown) length of the stream. At each time143

step i, the system receives a triple (Vi, pi, τi), where Vi ∈ V, pi ∈ [0, 1], and τi ∈ {0, 1}.144

Whenever τi = 1, the system selects up to k news items from the set of items {V1, . . . , Vi}145

received so far to present to the user. Let S = {S1, . . . ,ST } denote the sets of news items146

presented to the user over T accesses. The objective is to maximize the expected number of147

distinct topics the user is exposed to by the end of the stream, measured by the function f(S).148

There are two key challenges in our streaming setting: (i) the system does not know in149

advance when or how many times a user will access it; and (ii) the system has to make150

decisions based on the information available so far, and these decisions are irrevocable. In151

the following, we show how the problem can be reduced to a submodular maximization152

problem subject to a partition matroid constraint. We then leverage this connection to153

develop solutions under various memory constraints.154

Reduction to submodular maximization under a partition matroid constraint.155

We first reduce the S3MOR problem (Problem 2.2) to submodular maximization under a156

partition matroid constraint, which enables us to apply efficient streaming algorithms with157

provable guarantees. Let r : t 7→ rt map a user’s t-th access to its access time, and (rt)T
t=1 be158

the sequence of times at which the user accesses the system over an unknown time period.159

Whenever the user accesses the system, it presents up to k news items selected from all the160

news items available since the beginning of the stream, denoted by {Vi}rt
i=1.161

Let V t
i be a copy of the item Vi associated with the t-th visit. Let Vt be a collection of these162

copies until the t-th visit, namely, Vt = {V t
i }

rt
i=1 = {V t

1 , . . . , V t
rt
}. Without loss of generality,163

we treat each copy as a distinct item, i.e., V t
i 6= V s

i for all t 6= s. Clearly, Vt∩Vs = ∅ for t 6= s.164

Moreover, let St ⊆ Vt be the set of news items that the system presents to the user at their165

t-th visit. Let S =
⋃T

q=1 Sq be the union of all sets of presented items. Analogously to166

Equation (1), we adapt the function f : 2∪T
t=1Vt → R such that f(S) is the expected number167

of topics covered by the (copies) of news items that the user clicked on after S1, . . . ,ST have168

been presented to the user.169

Observation 2.3. Let (∪T
t=1Vt,F) be a set system, where F is a collection of subsets of170

∪T
t=1Vt, and F is constructed in the following way: for any set X ⊆ ∪T

t=1Vt, if |X ∩ Vt| ≤171

k for any 1 ≤ t ≤ T , then X ∈ F . Observe that (∪T
t=1Vt,F) is a partition matroid.172

Problem 2.2 can be equivalently formulated as maxX∈F f(X).173

Based on Observation 2.3, we develop a baseline algorithm for the Problem 2.2. Suppose174

that the system stores all the news items up to when the user accesses the system at the175

t-th time, and also has stored all the previous news item sets presented to the user, i.e.,176

∪t−1
q=1Sq. In this case, the stored news items up to time rt constitute one partition of the177

matroid, i.e., Vt = {V t
i }

rt
i=1. We then apply the local greedy algorithm by Fisher et al. [12],178
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Figure 1: Schematic view of our algorithm Storm. We first initiate T ′ empty active can-
didate sets. For each incoming news item in the stream S, we decide whether it can be
added to/swapped into each of the active candidate set. When a user submits a request,
i.e., τj = 1, we select the best active candidate set, present it to the user, and deactivate it.

i.e., the system greedily selects k news items from Vt that maximize the marginal gain179

of the objective function with respect to f(∪t−1
q=1Sq). This algorithm does not require any180

knowledge of T , and has a competitive ratio of 1/2. Since all incoming news items need to181

be stored, the memory usage is Ω(N + kT ), and the running time is
∑T

q=1O(|Vq|k). We182

present the algorithm in Algorithm 3 (LMGreedy) in Appendix B.183

Theorem 2.4. Algorithm 3 for Problem 2.2 is 1/2-competitive. Moreover, the competitive184

ratio of 1/2 is tight, i.e., for Problem 2.2, no streaming algorithm can achieve a competitive185

ratio better than 1/2 without violating the irrevocability constraint.186

The drawback of LMGreedy is that its memory usage depends linearly on the stream187

length, making it infeasible for large streams. Thus, we consider the setting where the188

system has limited memory and can store only a user-specific subset of news items.189

3 Algorithms with limited memory190

We now consider the more realistic case where the system does not have unlimited memory.191

First, we note that there is a lower bound of Θ(kT ) that is necessary for achieving a bounded192

competitive ratio. Consider an adversarial example where the system has only Θ(kT ′)193

memory, with T ′ < T . The stream contains more than Θ(kT ) items, each covering a194

distinct topic, with the users click probability equal to 1. After the final item arrives, the195

user submits Θ(T ) requests. Since the system can store at most Θ(kT ′) items, no algorithm196

can achieve a competitive ratio better than Θ(T ′
/T), which becomes arbitrarily poor as197

T ′ � T . Therefore, in the following, we assume an upper bound T ′ on the number of user198

visits. Furthermore, the system has available memory Ω(kT ′), and hence, it is possible to199

store the news items that may be presented across these visits.200

3.1 A first memory-efficient streaming algorithm201

Our first memory-efficient algorithm processes the incoming stream S as follows. First, it202

initializes T ′ empty candidate sets Ai for i ∈ [T ′], all of which are initially active. Upon203

the arrival of a news item from the stream S, for each active candidate set, the algorithm204

either adds the item to the set or replaces an existing item if the set is full. When a user205

accesses the system, the algorithm selects one of the active candidate sets to present to the206

user. The chosen candidate set is then marked as inactivate and will not be updated further.207

Figure 1 shows an overview.208

Based on our reduction to submodular maximization under a partition matroid constraint,209

we can adapt any streaming algorithm designed for matroid constraints, provided it produces210

irrevocable outputs. Notable examples include the algorithms proposed by Chakrabarti and211

Kale [7], Chekuri et al. [8], and Feldman et al. [10], all of which achieve a 1/4 approximation212

ratio. In our work, we specifically adapt the algorithm introduced by Chekuri et al. [8].213

Our algorithm, named Storm, is shown in Algorithm 1. It keeps track of the number of214

visits using a counter i. Assume the user has visited i times when news item Vj arrives.215
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Algorithm 1: Storm
Input: Estimated visits T ′ ∈ N, budget k ∈ N.

1 A1, · · · ,AT ′
← ∅, T = {1, · · · , T ′}, G0 ← ∅,

i← 0
2 for (V, τ, p) in the stream do
3 for j ∈ T do
4 if |Aj | < k then Aj ← Aj ∪ {V }
5 else
6 V ′ ← arg minV ∈Aj ν(f,∪q∈[T ′]Aq, V )
7 if f(V | ∪q∈[T ′]Aq) ≥

2ν(f,∪q∈[T ′]Aq, V ′) then
Aj ← Aj \ {V ′} ∪ {V }

8 if τ = 1 then
9 j∗ ← arg maxj∈T ′ f(Aj |

⋃i

t=0 G
t)

10 T ← T \ {j∗} ▷ Deactivate candidate set
Aj∗

11 Gi+1 = Aj∗

12 output Gi+1

13 i← i + 1

Algorithm 2: Storm++
Input: Estimated visits T ′ ∈ N, budget

k ∈ N, parameter δ ∈ N.
1 G0 ← ∅, B0 ← ∅, i← 0,
P ←

{
δ, 2δ, . . . ,

⌈
T ′

δ

⌉
δ
}

2 for T̃ ∈ P do Initialize Storm (T̃ , k) ▷

Maintain Storm for different T̃
3 for (V, τ, p) in the stream do
4 for T̃ ∈ P do
5 Gi+1,(T̃ ) ← Storm (T̃ ,

k).step(V, τ, p) ▷ Process
(V, τ, p) by executing lines 3-13
of Algorithm 1

6 if τ = 1 then
7 T̃ ∗ ← arg maxT̃ ∈P f(Gi+1,(T̃ ) |⋃i

j=0 B
j)

8 Bi+1 ← Gi+1,(T̃ ∗)

9 output Bi+1

10 i← i + 1

This implies that, prior to the arrival of Vj , i active sets from i partitions have already216

been presented to the user, and thus, neither Vj nor any subsequent item will be added to217

these partitions. The algorithm iterates over the remaining T ′− i active candidate sets, and218

determines whether Vj should be added to any of them, with replacement if necessary.219

The decision to replace an existing item V with the current item Vj is based on the com-220

parison of their incremental value with respect to set ∪t∈[T ′]At. Specifically, we adopt the221

notation ν(f,∪t∈[T ′]At, V) from Chekuri et al. [8] and define222

ν(f,∪t∈[T ′]At, V) = f ̂∪t∈[T ′]At(V ), with ̂∪t∈[T ′]At = {V ′ ∈ ∪t∈[T ′]At : V ′ < V }.

Here, V ′ < V indicates item V ′ is added to the set ∪t∈[T ′]At before item V . For a specific223

set At′ , Vj replaces an item in At′ if f∪t∈[T ′]At(Vj) ≥ 2 ·minV∈At′ ν(f,∪t∈[T ′]At, V).224

Upon the t-th user visit, the system selects which active candidate set to output in a greedy225

manner. To be specific, let G1, · · · ,Gt−1 denote the candidate sets that have already been226

presented to the user, and T represent the indices of the remaining active sets. The system227

selects the active set that offers the highest incremental gain with respect to the union of228

previously presented sets. Formally, let j∗ = arg maxj∈T f(Aj | ∪t−1
j=1 Gj), and the system229

outputs Gt = Aj∗ .230

Theorem 3.1. Let T be the number of user accesses and T ′ a given upper bound. Alg. 1231

has competitive ratio 1
4(T ′−T +1) , space complexity O(T ′k), and time complexity O(NkT ′).232

If the exact number of visits T is known, we can set the upper bound T ′ = T and obtain a233
1/4-competitive ratio using Algorithm 1. However, the competitive ratio of Algorithm 1 can234

be arbitrarily bad if T ′ is significantly larger than T . Note that our analysis is tight. We235

can demonstrate that for any fixed T , the competitive ratio of Algorithm 1 is at most 1
T ′+1 ,236

which is only a constant factor away from our analysis. We provide the proof in Appendix C237

in the supplementary.238

3.2 A memory-efficient streaming algorithm with bounded competitive ratio239

As shown in the previous section, to achieve a large enough competitive ratio with Storm,240

the system must have a good enough estimate of the number of user visits T . However,241

in practice, this information is typically unavailable in advance. To address this issue,242
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we discretize the range [T ′] to generate multiple guesses for the value of T , and run a243

separate instance of Algorithm 1 for each guess. When a user visits the system, each copy244

of Algorithm 1 outputs a solution, and we select the best solution over all the outputs.245

Specifically, Algorithm 2 (named Storm++) first initializes the set of guesses of T as246

P = {δi | i ∈ [dT ′
/δe]}, where δ ∈ N is a parameter controlling the trade-off between compet-247

itive ratio as well as the space and time complexity. In this construction, there always exists248

a guess T̃ ∈ P that is between T and T + δ. Therefore, if we would run Algorithm 1 with T̃249

as the input parameter, and present the results to the user, we are guaranteed to have a com-250

petitive ratio of at least 1/4δ as shown in Theorem 3.1; however, we do not know the value of251

T̃ in advance. Thus, we adopt a greedy strategy to aggregate the results from all the copies252

of Algorithm 1 to determine an output for each user visit. At the i-th user visit, we collect253

the i-th output from each running copy of Storm with a different guess T̃ ∈ P and select the254

one that maximizes the incremental gain. This selection rule leads to the following result.255

Theorem 3.2. Algorithm 2 has a competitive ratio of 1/8δ, space complexity O(T ′2k/δ),256

and time complexity O(NkT ′2/δ).257

4 Empirical evaluation258

We empirically evaluate the performance of our proposed algorithms Storm and Storm++.259

We denote Storm(T ) and Storm(T ′) as the Storm algorithm with the input parameter set260

to T (i.e., exact number of user accesses) and T ′ (i.e., upper bound of user accesses), resp.261

We design our experiments to answer the following research questions: (Q1) How effective262

are the solutions provided by Storm++ and Storm(T ′) compared to other baselines and263

to each other? (Q2) What is the impact of parameters δ and k on the performance of264

Storm++ and Storm(T ′)? (Q3) How sensitive are Storm++ and Storm(T ′) to the upper265

bound T ′ and do our algorithms require highly-accurate estimation of T ′ to perform well?266

We use the following baselines:267

• LMGreedy: Our upper-bound baseline, which assumes linear memory size in the268

stream length, i.e., potentially unbounded memory (Algorithm 3).269

• Sieve++: Based on Kazemi et al. [23], we implement a heuristic version of the270

Sieve++ algorithm to solve the S3MOR problem. The adaption proceeds as follows:271

(1) Before the first user visit, we run the exact Sieve++ algorithm and obtain272

output set S1. (2) For each subsequent i-th output, we run Sieve++ on the data273

stream between the (i− 1)-th and i-th user visits, using the marginal gain function274

f(·|
⋃i−1

j=1 Si) as the objective.275

• Preemption: We adapt the algorithm proposed by Buchbinder et al. [5] for solving276

the S3MOR problem in the same way as described above for Sieve++.277

Datasets: We use six real-world datasets, including four rating datasets KuaiRec, Anime,278

Beer and Yahoo, and two multi-label dataset RCV1 and Amazon. The number of items279

these dataset contains vary from thousands to one million, and the topic sets size vary from280

around 40 to around 4000. We provide the details in Appendix D.1 in the supplementary.281

Experimental setting: To simulate the news item stream, we randomly shuffle the items282

to form a stream of length N . To simulate the user visit sequence, we start with an all-zeros283

sequence and then randomly select T indices, and set those positions to one. We establish284

an upper bound on the number of visits by setting T ′ = T + ∆T for some positive ∆T . We285

generate synthetic click probabilities, and provide the details in Appendix D.1.286

In all experiments, we randomly selected 50 users and report the average expected coverage287

for the Yahoo, RCV1, and Amazon datasets. Standard deviations and expected coverage288

results for the other three datasets are provided in Appendix D in the supplementary. We289

also report runtime and memory usage on the largest dataset, Amazon.290
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(a) Yahoo (b) RCV1 (c) Amazon

Figure 2: Empirical variation in expected coverage as a function of budget k on all datasets.
Parameter T = 5, δ = 25 and ∆T = 45 are fixed

(a) Yahoo (b) RCV1 (c) Amazon

Figure 3: Empirical variation in expected coverage as a function of number of visit T on all
datasets. Parameter k = 10, δ = 10 and ∆T = 10 are fixed.

All experiments ran on a MacBook Air (Model Mac15,12) equipped with an Apple M3 chip291

(8-core: 4 performance and 4 efficiency cores), 16 GB of memory, and a solid-state drive292

(SSD). The source code and datasets are available.1293

Results and discussion294

Impact of k and T on the expected coverage. As shown in Figure 2, LMGreedy295

achieves the best performance across all datasets and values of k. Among our proposed296

methods, Storm(T ) consistently performs the best, followed by Storm++, then Storm(T ′).297

Compared to baselines Sieve++ and Preemption, our algorithms generally perform better298

across datasets and values of k, with exceptions on RCV1, where Preemption performs299

comparably to Storm(T ′). In Figure 3, we observe a trend shift: Storm++ slightly outper-300

forms Storm(T ′) and Storm(T ) across datasets and T values. Storm(T ′) and Storm(T )301

perform comparably. This performance shift is due to smaller δ and ∆T in this experi-302

ment, which lead to improved competitive ratios for Storm(T ′) and Storm++. Although303

Storm(T ) offers the strongest theoretical guarantee of the three algorithms, Storm(T ′) and304

Storm++ can empirically outperform it (we give an example of this effect in Appendix D.2).305

Performance regarding parameters δ and ∆T . Figure 4a shows that Storm++’s306

expected coverage decreases as δ increases, consistent with theory: as δ grows from 3 to307

30, the performance guarantee drops by a factor of 10. This is reflected empirically with308

coverage declines across datasets, for example, from 130 to 120 on Amazon.309

Figure 4b shows that Storm(T ′)’s performance declines with increasing ∆T , matching the310

theoretical drop in competitive ratio (e.g., 10-fold decrease from ∆T = 10 to 100). In311

contrast, Storm++ is theoretically unaffected.312

Number of oracle calls, runtime and memory. Figure 4c shows that the number of313

oracle calls increases rapidly and linearly with budget k for both Storm(T ′) and Storm++,314

1
https://anonymous.4open.science/r/Streaming-Submodular-maximization-with-on-demand-user-request-0095
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(a) (b) (c) (d)

Figure 4: Left two: Impact of ∆T and δ on expected coverage. In (a) and (b), we fix k = 5
and T = 10. When varying δ, we fix ∆T = 60; when varying ∆T , we fix δ = 10. Right two:
Oracle call counts on the Beer dataset. We fix δ = 25 and ∆T = 45. When varying k, we
fix T = 5; when varying T , we fix k = 5.

Table 2: Runtime and mem. usage for the Amazon dataset. We set k, T , and δ to 10, T ′ = 20.
Storm++ Storm(T ′) Storm(T ) LMGreedy Sieve++ Preemption

Runtime (s) 35.13 7.94 4.38 88.13 307.43 136.04
Memory (MB) 2.00 1.28 0.72 28.99 0.91 0.03

while remaining relatively stable for other algorithms. Similarly, Figure 4d indicates a linear315

increase in oracle calls with user visits T for Storm(T ′), Storm(T ), and LMGreedy, but316

a much slower growth for Sieve++ and Preemption. Notably, Figure 4d also reveals a317

non-monotonic trend: oracle calls first rise, then decline with increasing T . This increase is318

due to the guessing strategy for T under δ = 25 and ∆T ′ = 45, where the number of guesses319

T increases (T = {25, 50} for T = 3 and T = {25, 50, 75} for T ∈ [6, 30]). The decrease320

is due to Storm++’s irrevocability—as more subsets are presented to the user, fewer items321

remain in S for potential swap, thereby reducing the number of subsequent oracle calls.322

Table 2 shows that our proposed algorithms require much less memory than LMGreedy,323

and use comparable memory to the other two baselines. Storm(T ′) and Storm(T ) are also324

significantly faster than the remaining algorithms.325

5 Conclusion326

We investigate a novel online setting for streaming submodular maximization where327

users submit on-demand requests throughout the stream. In this context, we introduce328

the Streaming Stochastic Submodular Maximization with On-demand Requests (S3MOR)329

problem with the goal of maximizing the expected coverage of the selected items. We first330

propose a memory-efficient approximation algorithm that highlights the trade-off between331

memory usage and solution quality, but its competitive ratio can be poor. To solve this,332

we propose a parameter-dependent memory-efficient approximation algorithm to trade off333

between the competitive ratio and the memory and time usage. Our empirical evaluations334

show that our proposed algorithms consistently outperform the baselines. We believe our335

approach will have a positive social impact. For instance, it can be applied to enhance336

the diversity of news content recommended to the users, thereby helping to expose them337

to multiple viewpoints and broaden their knowledge. While our approach optimizes topic338

coverage and can be used to promote content diversity, its misuse, such as deliberately339

optimizing a submodular utility function that favors polarized or biased content, could risk340

amplifying existing biases. However, such outcomes would require intentional manipulation341

of the objective function. When applied responsibly, our approach does not pose such risks.342
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A Preliminaries469

We use [j], with j ∈ N, to denote the set {1, 2, . . . , j}. A set system is a pair (U, I), where U470

is a ground set and I is a family of subsets of U .471

Definition A.1 (Matroid). A set system (U, I) is a matroid if472

(i) ∅ ∈ I,473

(ii) for B ∈ I and any A ⊆ B we have A ∈ I, and474

(iii) if A ∈ I, B ∈ I and |A| < |B|, then there exists e ∈ B \A such that A ∪ {e} ∈ I.475

Definition A.2 (Partition matroid). A matroid M = (U, I) is a partition matroid if there476

exists a partition {Ei}r
i=1 of U , i.e., U = ∪r

i=1Ei and Ei ∩ Ej = ∅ for all i 6= j, and477

non-negative integers k1, . . . , kr, such that I = {I ⊆ U : |I ∩ Ei| ≤ ki for all i ∈ [r]}.478

A non-negative set function f : 2U → R≥0 is called submodular if for all sets A ⊆ B ⊆ U and479

all elements e ∈ U\B, it is f(A∪{e})−f(A) ≥ f(B∪{e})−f(B). The function f is monotone480

if for all A ⊆ B it is f(A) ≤ f(B). Let U be a finite ground set, and let f : 2U → R≥0 be481

a monotone submodular set function. The constrained submodular maximization problem is482

to find maxS∈I f(S), where I ⊆ 2U represents the feasibility constraints.483

For ease of notation, for any two sets A ⊆ U and B ⊆ U , and any item e ∈ U , we write484

A + B for A ∪ B, A + e for A ∪ {e}, A − B for A \ B, and A − e for A \ {e}. We write485

f(A | B) and f(e | B) for the incremental gain respectively defined as f(A∪B)− f(B) and486

f(A ∪ {e})− f(A).487

We evaluate the performance of online streaming algorithms that make irrevocable decisions488

using the notion of competitive ratio. An algorithm is called c-competitive if, for every input489

stream σ, the value A(σ) achieved by algorithm A satisfies A(σ)
OPT(σ) ≥ c, where OPT(σ)490

denotes the value of an optimal offline solution with full access to the input stream.491

B Omitted proofs of Section 2492

Lemma 2.1. f(S) is a non-decreasing submodular set function.493

Proof. For any set S, we can rewrite Equation (1). Denote S = ∪T
t=1St and we allow494

multiple copies of Vi to appear in S (the copies come from each St). Note that S is a495

multi-set, and496

f(S) =
d∑

j=1

1−
∏

t∈[T ]

∏
Vi∈St,Vi3cj

(1− pi)

 =
d∑

j=1

1−
∏

Vi∈S,Vi3cj

(1− pi)

 .

Let gj(S) = 1 −
∏

Vi∈S,Vi3cj
(1 − pi). Then f(S) =

∑d
j=1 gj(S). To prove the lemma, it497

suffices to show that gj is non-decreasing and submodular for all j ∈ [d].498

Non-decreasing property: For any two sets X ⊆ Y and for all j ∈ [d], it is499

gj(Y)− gj(X ) =

1−
∏

Vi∈Y\X ,Vi3cj

(1− pi)

 ∏
Vi∈X ,Vi3cj

(1− pi) ≥ 0.
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Algorithm 3: LMGreedy
Input: Budget k ∈ N.

1 G0, · · · ,GT ← ∅, G ← ∅, V1 ← ∅, t = 1
2 for (V, τ, p) in the stream do
3 Vt ← Vt ∪ {V }
4 if τ = 1 then
5 N t ← Vt

6 for j = 1 to k do
7 V ∗ ← arg maxV ∈N t f(G ∪ Gt ∪ {V })
8 Gt ← Gt ∪ {V ∗}
9 N t ← N t \ V ∗

10 output Gt

11 G = G ∪ Gt

12 Vt+1 ← Vt

13 t← t + 1

Submodularity: Let X ⊆ Y, and let Z ∈ Y be an element not in Y. Then, for all j ∈ [d],500

the following holds:501

gj(Y ∪ {Z})− gj(Y)− [gj(X ∪ {Z})− gj(X )]

=

1−
∏

Vi∈{Z},Vi3cj

(1− pi)

 ∏
Vi∈Y,Vi3cj

(1− pi)−

1−
∏

Vi∈{Z},Vi3cj

(1− pi)

 ∏
Vi∈X ,Vi3cj

(1− pi)

=

1−
∏

Vi∈{Z},Vi3cj

(1− pi)

  ∏
Vi∈Y\X ,Vi3cj

(1− pi)− 1

 ∏
Vi∈X ,Vi3cj

(1− pi) ≤ 0.

502

Theorem 2.4. Algorithm 3 for Problem 2.2 is 1/2-competitive. Moreover, the competitive503

ratio of 1/2 is tight, i.e., for Problem 2.2, no streaming algorithm can achieve a competitive504

ratio better than 1/2 without violating the irrevocability constraint.505

Proof. We first prove that Algorithm 3 is 1/2 competitive for Problem 2.2.506

Let O1, · · · ,OT be the optimal output sets, and let G1, · · · ,GT be the output sets obtained507

by Algorithm 3. Since we treat each copy of the same item as a distinct item, it follows that508

for any i 6= j, Oi ∩ Oj = ∅ and Gi ∩ Gj = ∅. We let G =
⋃T

t=1 Gt and O =
⋃T

t=1Ot.509

We prove that the following holds:510

f(O)
(a)
≤ f(G) +

∑
V ∈O\G

f(V | G) (b)= f(G) +
T∑

i=1

∑
V ∈Oi\G

f(V | G) (2)

(c)
≤ f(G) +

T∑
t=1

∑
V ∈Oi

f(V | G)
(d)
≤ f(G) +

T∑
t=1

∑
V ∈Oi

f(V |
i⋃

j=1
Gj).

Inequalities (a) and (d) holds by submodularity, (c) holds by monotonicity, and equality (b)511

holds because {O1, · · · ,OT } form a partition of O.512

Next, we bound the final term of Equation (2). We denote Oi = {Oi
1, · · · , Oi

k}, and Gi =513

{Gi
1, · · · , Gi

k}, with Gi
j representing the j-th item that is added to Gi during the greedy514

selection steps. Note that, we can assume |G| = |O| = k, because f is monotone. The515
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following holds516

∑
V ∈Oi

f(V |
i⋃

j=1
Gj) =

k∑
l=1

f(Oi
l |

i⋃
j=1
Gj)

(a)
≤

k∑
l=1

f(Oi
l |

i−1⋃
j=1
Gj +

l−1⋃
s=1

Gi
s) (3)

(b)
≤

k∑
l=1

f(Gi
l |

i−1⋃
j=1
Gj +

l−1⋃
s=1

Gi
s) = f(

i⋃
j=1
Gj −

i−1⋃
j=1
Gj),

where inequality (a) holds by submodularity, and inequality (b) holds by design of the greedy517

algorithm (Line 7 of Algorithm 3).518

Combining Equation (2) and Equation (3) finishes the proof:519

f(O) ≤ f(G) +
T∑

t=1
f(

i⋃
j=1
Gj −

i−1⋃
j=1
Gj) = 2f(G)− f(G0) ≤ 2f(G). (4)

Furthermore, we prove that the competitive ratio of 1/2 is tight for Problem 2.2.520

Consider a simple adversarial example with budget k = 1 and a stream given by521

S = ((V1, 0, 1), (V2, 1, 1), (V3, 1, 1)) ,

where V1 = {c1, c2} and V2 = {c3, c4}. For any algorithm, if it selects S1 = {V1} as the522

first set to present, the adversary sets V3 = {c1, c2}. Conversely, if the algorithm selects523

S1 = {V2}, then the adversary sets V3 = {c3, c4}.524

In either case, the algorithm can only cover two topics, while the optimal solution covers all525

four. Thus, the competitive ratio is at most 2
4 = 1

2 , which completes the proof.526

527

C Omitted proofs of Section 3528

Before presenting the omitted proofs in Section 3, we provide a detailed description of the529

reductions used in our analysis.530

We begin by formally defining the streaming submodular maximization problem subject to531

a partition matroid constraint (S2MM ). Our definition adapts the streaming submodular532

maximization framework under a p-matchoid constraint, as introduced by Chekuri et al. [8],533

and is stated as follows:534

Problem C.1 (S2MM ). Let M = (S̄, I) be a partition matroid and f̂ a submodular func-535

tion. The elements of S̄ are presented in a stream, and we order S̄ by order of appearance.536

The goal of the S2MM problem is to select a subset of items A ∈ I that maximizes f̂(A).537

We demonstrate two types of reductions from an instance of S3MOR to an instance of538

S2MM , depending on whether we know the exact value of T . Algorithm 1, as presented in539

the main content, is based on the second reduction, where we only know an upper bound540

T ′ of T .541

C.1 The case when the exact number of visits T is known542

First, we show that if the exact number of user visits T is known, the S3MOR problem543

reduces to the S2MM problem. Specifically, any streaming algorithm for S2MM that satisfies544

the irrevocable output requirement can solve S3MOR while maintaining the same competitive545

ratio. The irrevocable output requirement requires that the output subset for any partition546

becomes fixed irrevocably once all its items have appeared in the stream.547

The reduction. Given an instance of the S3MOR problem, where the stream is given by548

S = ((V1, p1, τ1), . . . , (VN , pN , τN )) ,
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Figure 5: Illustration of the reduction when the exact number of visits T is known. The
original item stream for the S3MOR problem is (V1, . . . , VrT

), with user accesses occurring
at time steps r1, . . . , rT . The constructed stream for the S2MM problem is S̄ =

⊔T
t=1 S̄t.

with a budget k, and the function f as defined in Equation (1), we can construct a corre-549

sponding instance of the S2MM problem.550

Recall that rt denotes the time step at which the user submits the t-th visit (with r0 = 0), and551

V t
i denotes a copy of item Vi with copy identifier t. We use

⊔
to denote the concatenation552

of streams. An instance of the S2MM problem with input stream S̄ can be constructed553

as follows:554

1. Let S̄t =
⊔rt

i=rt−1+1(V t
i , · · · , V T

i ) for all t ∈ [T ], to be specific,555

S̄t =

V t
rt−1+1, · · · , V T

rt−1+1︸ ︷︷ ︸
i=rt−1+1

, V t
rt−1+2, · · · , V T

rt−1+2︸ ︷︷ ︸
i=rt−1+2

, · · · , V t
rt

, · · · , V T
rt︸ ︷︷ ︸

i=rt

 .

2. Let S̄ =
⊔T

t=1 S̄t be the concatenation of sub-streams S̄1, · · · , S̄T , i.e., S̄ =556

(S̄1, · · · , S̄T ).557

3. Let Vt = {V t
i }

rt
i=1 = {V t

1 , . . . , V t
rt
}.558

4. Construct I in the following way: for any set X ⊆
⋃T

t=1 Vt, if |X ∩ Vt| ≤ k for all559

1 ≤ t ≤ T , then X ∈ I.560

5. Let pt
i = pi denote a copy of pi with copy identifier t ∈ [T ]. Define f̂ : 2

⋃T

t=1
Vt

→561

R≥0. Specifically, for any A ⊆
⋃T

t=1 Vt, let At = A ∩ Vt. Then, f̂ is defined as562

follows:563

f̂(A) =
d∑

j=1

1−
∏

t∈[T ]

∏
V t

i
∈At,V t

i
3cj

(1− pt
i)

 , (5)

and the goal of S2MM is to find A ∈ I that maximizes f̂(A).564

We observe thatM = (S̄, I), as defined above, forms a partition matroid on the constructed565

stream S̄, with S̄ =
⋃T

t=1 Vt and Vi ∩i 6=j Vj = ∅. By construction, for each visit t ∈ [T ], the566

partition Vt contains exactly the set of items that arrived in the system before the t-th user567

visit in the S3MOR problem. Since the S2MM problem and the S3MOR problem share568

equivalent objective functions and equivalent constraints, we conclude the following: for any569

optimal solution Ō ∈ I of the S2MM problem, the sequence of subsets570

Ō ∩ V1, . . . , Ō ∩ VT

yields optimal output for the S3MOR problem at each corresponding t-th user visit.571
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We can further conclude that any streaming algorithm achieving an α-competitive solution572

for the S2MM problem also yields an α-competitive solution for the S3MOR problem. For573

this equivalence to hold, the streaming algorithm for S2MM must satisfy the irrevocable574

output requirement: for each partition Vt of the stream, once the final item from this partition575

has arrived, the solution that belongs to this partition, A ∩ Vt, can no longer be changed.576

This requirement excludes algorithms like that of Feldman et al. [11], whose solution set577

only becomes available after the stream terminates. In contrast, the algorithms proposed578

by Chakrabarti and Kale [7], Chekuri et al. [8], and Feldman et al. [10] are suitable. These579

three algorithms all meet the requirement while providing 1/4-competitive solutions for the580

S2MM problem.581

C.2 The case when only an upper bound T ′ of T is available582

Consider the case where only an upper bound T ′ of the true number of user visits T is583

known. We prove the following: (1) An instance of the S2MM problem can be constructed584

such that any feasible solution to the S2MM problem contains a valid solution for the585

S3MOR problem. (2) Any streaming algorithm that solves the S2MM problem and satisfies586

the irrevocable output requirement can be adapted to solve the S3MOR problem, albeit587

with a reduced competitive ratio. Specifically, the competitive ratio decays by a factor of588

1/(T ′ − T + 1).589

In contrast to the reduction we present in Appendix C.1, the construction of the stream for590

the S2MM problem depends on both the original stream S, and the algorithmic procedure591

described in Algorithm 1. We will prove that:592

1. Algorithm 1 generates a corresponding stream Ŝ for the S2MM problem593

2. The candidate sets {A1, · · · ,AT ′} maintained by Algorithm 1 forms a solution to594

the S2MM problem; the output {G1, · · · ,GT } of Algorithm 1 forms a solution to595

the S3MOR problem.596

By Algorithm 1 line 11, we can construct a bijective mapping π between the index sets of597

{G1, . . . ,GT } and {A1, . . . ,AT ′}. This mapping satisfies the equality:598

Gt = Aπ(t), for all t ∈ [T ].

Let T 0 = {1, 2, . . . , T ′} denote the initial index set of all active candidate sets. For each599

t ≥ 1, let T t represent the index set of active candidate sets before the t-th visit and after600

the (t− 1)-th visit. The active index sets evolve as follows:601

(1) For all t ∈ [T ]: T t = T t−1 \ {π(t)}, and602

(2) for all t ∈ {T + 1, . . . , T ′}: T t = T T .603

The reduction.604

1. We construct the stream Ŝ for S2MM as follows605

Ŝt =
{ ⊔rt

i=rt−1+1
⊔

a∈T t (V a
i ) , for t ∈ [T ],⊔rT

i=rT −1+1
⊔

a∈T T (V a
i ) , for t ∈ {T + 1, · · · , T ′}.

2. Let Ŝ =
⊔T

t=1 Ŝt be the concatnation of Ŝ1, · · · , ŜT .606

3. Let ρ(t) = π−1(t), and607

V̂t =
{
{V t

i }
rρ(t)
i=1 = {V t

1 , . . . , V t
rρ(t)
}, for t ∈ {π(1), · · · , π(T )},

{V t
1 , · · · , V t

rT
}, for t ∈ T 0 \ {π(1), · · · , π(T )}.

4. Construct Î in the following way: for any set X ⊆
⋃T ′

t=1 V̂t, if |X ∩ V̂t| ≤ k for all608

1 ≤ t ≤ T ′, then X ∈ Î.609
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Figure 6: An example illustrating the reduction when only an upper bound T ′ of the true
number of visits T is available. In this example, T = 3 and T ′ = 5. The original item stream
for the S3MOR problem is given by (V1, V2, . . . , Vr3), with user visits occurring at time
steps r1, r2, and r3. The constructed stream for the S2MM problem is Ŝ =

⊔3
t=1 Ŝt, where

Ŝ1 =
⊔r1

i=1
⊔

a∈[5](V a
i ), Ŝ2 =

⊔r2
i=r1+1

⊔
a∈{1,2,3,5}(V a

i ), and Ŝ3 =
⊔r3

i=r2+1
⊔

a∈{2,3,5}(V a
i ).

Algorithm 1 maintains and updates At ∈ V̂t for all t ∈ [5] upon the arrival of each item
in Ŝ. At the visit time steps r1, r2, and r3, it outputs G1 = A4, G2 = A1, and G3 = A2,
respectively. By the end of the stream, the union

⋃5
t=1At constitutes a 1/4-competitive

solution for the S2MM problem on input Ŝ. The combined solution
⋃3

t=1 Gt is a 1
4×(5−3+1) -

competitive solution for the original S3MOR problem.

5. Let pt
i = pi denote a copy of pi with copy identifier t ∈ [T ′]. The goal is to select610

A =
⋃T ′

t=1At ∈ Î that maximizes f(A). The submodular function f̂ is given as611

follows:612

f̂(A) =
d∑

j=1

1−
∏

t∈[T ′]

∏
V t

i
∈At,V t

i
3cj

(1− pt
i)

 . (6)

Given the above construction, we can verify that M = (Ŝ, Î) is an instance of a partition613

matroid defined on the constructed stream Ŝ, with Ŝ =
⋃T ′

t=1 V̂t and V̂i ∩i 6=j V̂j = ∅. By614

construction, the partitions V̂π(t) of Ŝ satisfy: (1) for each t ∈ [T ], V̂π(t) contains exactly the615

set of items that arrived before the t-th user visit in the S3MOR problem (2) The remaining616

T ′ − T partitions each contain the same set of items that arrived before the final user visit.617

The design ensures that each output Gt satisfies Gt ⊆ V̂π(t) and |Gt| ≤ k, for all t ∈ [T ].618

Consequently, the sequence G1, . . . ,GT constitutes feasible output for the S3MOR problem.619

Following Algorithm 1, we conclude that for all t ∈ [T ′], we have At ⊆ V̂t with |At| ≤ k.620

Consequently, the union
⋃T ′

t=1At forms a feasible solution to the S2MM problem.621

Since Algorithm 1 essentially applies the streaming algorithm of Chekuri et al. [8] to the622

constructed stream Ŝ, the solution
⋃T ′

t=1At achieves a 1/4-approximation guarantee for the623

S2MM problem.624

C.3 Omitted proofs625

Theorem 3.1. Let T be the number of user accesses and T ′ a given upper bound. Alg. 1626

has competitive ratio 1
4(T ′−T +1) , space complexity O(T ′k), and time complexity O(NkT ′).627
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Proof. Following the notations and conclusions we have in Appendix C.2, we are ready to628

prove Theorem 3.1. Let O1, · · · ,OT be the optimal solution for the S3MOR problem, and629

let Ô =
⋃T ′

t=1 Ôt, where Ôt = Ô ∩ V̂t, denotes the optimal solution for the S2MM . We have630

f(
T⋃

t=1
Gt) = f(

T −1⋃
t=1
Aπ(t) +Aπ(T )) = f(Aπ(T ) |

T −1⋃
t=1
Aπ(t)) + f(

T −1⋃
t=1
Aπ(t)) (7)

(a)
≥ 1

T ′ − T + 1
∑

s∈T \∪T −1
t=1 {π(t)}

f(As |
T −1⋃
t=1
Aπ(t)) + f(

T −1⋃
t=1
Aπ(t))

≥ 1
T ′ − T + 1

∑
s∈T \∪T −1

t=1 {π(t)}

f(As |
T −1⋃
t=1
Aπ(t)) + 1

T ′ − T + 1
f(

T −1⋃
t=1
Aπ(t))

(b) 1
T ′ − T + 1

f(
T ′⋃

t=1
At)

(c)
≥ 1

4(T ′ − T + 1)
f(

T ′⋃
t=1
Ôt)

(d)
≥ 1

4(T ′ − T + 1)
f(

T⋃
t=1
Ot),

where inequality (a) holds because by line 9 of Algorithm 1, that Aπ(T ) is selected with631

the largest marginal gain in terms of f(
⋃T −1

t=1 Aπ(t)). Inequality (b) holds by submodu-632

larity. Inequality (c) holds because, as concluded in Appendix C.2,
⋃T ′

t=1At achieves a633

1/4-approximation guarantee for the S2MM problem. Finally, inequality (d) holds by con-634

tradiction: if f(
⋃T

t=1Ot) > f(
⋃T ′

t=1 Ôt), then there exists a feasible solution for the S2MM635

problem where for all t ∈ [T ], At = Ot, and regardless of the choice of AT +1, · · · ,AT , it636

holds that f(
⋃T ′

t=1At) ≥ f(
⋃T

t=1Ot) > f(
⋃T ′

t=1 Ôt), which contradicts that Ô is an opti-637

mal solution.638

Complexity analysis. The space complexity is in O(T ′k) because Storm only needs to639

maintain T ′ candidate sets of size k. The time complexity is measured by the number of640

oracle calls to measure the f value for any selected subset. Upon the arrival of each item,641

Storm makes T ′k oracle calls, thus the time complexity is in O(NT ′k).642

643

Tightness of our results. Note that the analysis in Equation (7) is tight. In the following,644

we show that for any value of T , we can construct a stream such that Storm cannot do645

better than 1
T ′−T +1 , which is only a constant factor away from our analysis in Theorem 3.1.646

To see this, consider an instance of the S3MOR problem with budget k = 1, the user visits647

one time at the end of the stream, and we have an estimated number of user visits T ′ > 1,648

the stream is constructed as below:649

S1 = (({1}, 1, 0), ({2}, 1, 0), · · · , ({T ′}, 1, 0), ({1, · · · , T ′}, 1, 1))

The Storm(T ′) algorithm outputs one of the first T ′ items and achieves an expected topic650

coverage of value 1, while the optimal solution is to select the last item and obtain an651

expected coverage of value T ′. The competitive ratio in this instance is 1
T ′ , while Alg. 1 has652

competitive ratio 1
4(T ′−T +1) = 1

4T ′ .653

Note that for all possible numbers of user visits T and T ′ > T , we can construct a stream654

such that Storm cannot do better than 1
T ′−T +1 . For example, when T = 2, we can construct655

a sub-stream S2 as follows656

S2 = (({T ′ + 1, T ′ + 2}, 1, 0), · · · , ({2T ′ − 1, 2T ′}, 1, 0), ({T ′ + 1, · · · , 3T ′ − 3}, 1, 1))

By concatenating S1 and S2, we obtain a new stream where the user visits for 2 times. With657

budget k = 1, Storm(T ′) achieves an expected coverage 3, while the optimal expected658

coverage is 3(T ′− 1), leading to a competitive ratio of 1
T ′−1 , with is again a 1/4 factor away659

from 1
4(T ′−T +1) = 1

T ′−1 .660
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Lemma C.2. Let T be the number of user accesses and T ′ be a given upper bound. Algo-661

rithm 2 generates a set of guesses of T as P = {δi | i ∈ [dT ′
/δe]}. Let T ∗ be the smallest662

integer in P that is larger than or equal to T . Let G1, · · · ,GT be the output of STORM(T ∗),663

and let B1, · · · ,BT be the output of Algorithm 2, then it holds that664

f(
T⋃

t=1
Bt) ≥ f(

T⋃
t=1
Gt) +

T −1∑
t=1

[
f

( t⋃
s=1
Bs |

t+1⋃
s=1
Gs

)
− f

( t⋃
s=1
Bs |

t⋃
s=1
Gs

)]
. (8)

Proof. We prove Equation (8) via induction.665

When T = 1, according to line 7 of Algorithm 2 that B1 is chosen with the largest marginal666

gain, it holds that f(B1) ≥ f(G1).667

The base case for the induction starts from T = 2. It is668

f(B1,B2) = f(B1) + f(B2 | B1)
(a)
≥ f(G1) + f(G2 | B1)

= f(G1 ∪ B1)− f(B1 | G1) + f(G2 | B1)
= f(B1) + f(G1 | B1)− f(B1 | G1) + f(G2 | B1)
(b)
≥ f(G1 ∪ G2 | B1) + f(B1)− f(B1 | G1) = f(B1,G1,G2)− f(B1 | G1)
= f(G1,G2) + f(B1 | G1 ∪ G2)− f(B1 | G1),

where inequality (a) holds because f(B1) ≥ f(G1) and f(B2 | B1) > f(G2 | B1). Inequal-669

ity (b) holds by submodularity.670

We then prove the induction step. Assume for T = j, it holds671

f(
j⋃

t=1
Bt) ≥ f(

j⋃
t=1
Gt) +

j−1∑
t=1

[
f

( t⋃
s=1
Bs |

t+1⋃
s=1
Gs

)
− f

( t⋃
s=1
Bs |

t⋃
s=1
Gs

)]
. (9)

We can use ϕj to represent the second term in Equation (9), i.e., f(
⋃j

t=1 Bt) ≥ f(
⋃j

t=1 Gt)+672

ϕj , we can then show that for T = j + 1 it holds673

f(
j+1⋃
t=1
Bt) = f(Bj+1 |

j⋃
t=1
Bt) + f(

j⋃
t=1
Bt)

(a)
≥ f(Gj+1 |

j⋃
t=1
Bt) + f(

j⋃
t=1
Gt) + ϕj

= f(
j⋃

t=1
Gj |

j⋃
t=1
Bt) + f(

j⋃
t=1
Bt)− f(

j⋃
t=1
Bt |

j⋃
t=1
Gt) + f(Gj+1 |

j⋃
t=1
Bt) + ϕj

(b)
≥f(

j+1⋃
t=1
Gt |

j⋃
t=1
Bt) + f(

j⋃
t=1
Bt)− f(

j⋃
t=1
Bt |

j⋃
t=1
Gt) + ϕj

= f(
j+1⋃
t=1
Gt) + f(

j⋃
t=1
Bt |

j+1⋃
t=1
Gt)− f(

j⋃
t=1
Bt |

j⋃
t=1
Gt) + ϕj

= f(
j+1⋃
t=1
Gj) +

j∑
t=1

[
f

( t⋃
s=1
Bs |

t+1⋃
s=1
Gs

)
− f

( t⋃
s=1
Bs |

t⋃
s=1
Gs

)]
.

Here, inequality (a) holds by the induction assumption, and (b) holds by submodularity.674

This completes the induction.675

Lemma C.3. Let T be the number of user accesses and T ′ be a given upper bound. Algo-676

rithm 2 generates a set of guesses of T as P = {δi | i ∈ [dT ′
/δe]}. Let T ∗ be the smallest677

integer in P that is larger than or equal to T . Let G1, · · · ,GT be the output of STORM(T ∗),678

and let B1, · · · ,BT be the output of Algorithm 2. It holds that679

f(
T⋃

t=1
Bt) ≥ 1

2
f(

T⋃
t=1
Gt). (10)
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Proof. Lemma C.3 is a direct result of Lemma C.2, as we can show that680

T −1∑
t=1

[
f

( t⋃
s=1
Bs |

t+1⋃
s=1
Gs

)
− f

( t⋃
s=1
Bs |

t⋃
s=1
Gs

)]
≥ −f(

T⋃
t=1
Bt).

To prove that the above inequality holds, we proceed to show that681

T −1∑
t=1

[
− f

( t⋃
s=1
Bs |

t+1⋃
s=1
Gs

)
+ f

( t⋃
s=1
Bs |

t⋃
s=1
Gs

)]
≤ f(

T⋃
t=1
Bt).

682

Indeed, it is683

T −1∑
t=1

[
− f

( t⋃
s=1
Bs |

t+1⋃
s=1
Gs

)
+ f

( t⋃
s=1
Bs |

t⋃
s=1
Gs

)]
(11)

=
T −1∑
t=1

[
f

( t⋃
s=1
Bs |

t⋃
s=1
Gs

)
− f

( t⋃
s=1
Bs |

t+1⋃
s=1
Gs

)]
= f(B1 | G1) +

T −2∑
t=1

[
f(

t+1⋃
s=1
Bs |

t+1⋃
s=1
Gs)− f(

t⋃
s=1
Bs |

t+1⋃
s=1
Gs)

]
− f(

T −1⋃
s=1
Bs |

T⋃
s=1
Gs)

≤ f(B1) +
T −2∑
t=1

[
f(

t+1⋃
s=1
Bs |

t+1⋃
s=1
Gs)− f(

t⋃
s=1
Bs |

t+1⋃
s=1
Gs)

]

= f(B1) +
T −2∑
t=1

[
f(

t+1⋃
s=1
Bs +

t+1⋃
s=1
Gs)− f(

t+1⋃
s=1
Gs)− f(

t⋃
s=1
Bs +

t+1⋃
s=1
Gs) + f(

t+1⋃
s=1
Gs)

]

= f(B1) +
T −2∑
t=1

f(Bt+1 |
t⋃

s=1
Bs +

t+1⋃
s=1
Gs) ≤ f(B1) +

T −2∑
t=1

f(Bt+1 |
t⋃

s=1
Bs)

= f(
T −1⋃
t=1
Bt) ≤ f(

T⋃
t=1
Bt) (12)

Combining Equation (12) with Equation (8), we can obtain Equation (10).684

685

Theorem 3.2. Algorithm 2 has a competitive ratio of 1/8δ, space complexity O(T ′2k/δ),686

and time complexity O(NkT ′2/δ).687

Proof. Let T ∗ be the smallest integer in P = {δi | i ∈ [dT ′
/δe]} that is larger than or equal688

to T . Let G1, · · · ,GT be the output of Storm(T ∗)689

Observe that T ∗ ≤ T + δ − 1, otherwise we can set T ∗ as T ∗ − δ and it is still an upper690

bound of T . By Theorem 3.1, it holds that691

f(
T⋃

t=1
Gt)≥ 1

4(T ∗ − T + 1)
f(

T⋃
t=1
Ot) ≥ 1

4δ
f(

T⋃
t=1
Ot). (13)

Combining Equation (13) with Lemma C.3, we conclude that692

f(
T⋃

t=1
Bt) ≥ 1

2
f(

T⋃
t=1
Gt) ≥ 1

8δ
f(

T⋃
t=1
Ot). (14)

Since Storm++ maintains dT ′
/δe copies of Storm, each copy of Storm has time complexity693

in O(NkT ′) and space complexity in O(T ′k), the space complexity for the Storm++ is694

O(T ′2k/δ), and the time complexity is O(NkT ′2/δ).695
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D Additional content for Section 4696

D.1 Dataset and experimental setting697

We use the following six datasets:698

• KuaiRec [14]: Recommendation logs from a video-sharing mobile app, containing699

metadata such as each video’s categories and watch ratio. We use the watch ratio,700

computed as the user’s viewing time divided by the video’s duration, as the user701

rating score. The dataset includes 7 043 videos across 100 categories.702

• Anime:2 A dataset of animation ratings in the range [1, 10], consisting of 7745703

animation items across 43 genres.704

• Beer:3 This dataset contains BeerAdvocate reviews [32, 31], along with categorical705

attributes for each beer. After filtering out beers and reviewers with fewer than 10706

reviews, the final dataset includes 9 000 beers across 70 categories.707

• Yahoo:4 A music rating dataset with ratings in the range [1, 5]. After filtering708

out users with fewer than 20 ratings, the dataset includes 136 736 songs across 58709

genres.710

• RCV1 [28]: A multi-label dataset, each item is a news story from Reuters, Ltd. for711

research use. We sample 462 225 stories across 476 unique labels.712

• Amazon [30]: A multi-label dataset consisting of 1 117 006 Amazon products over713

3 750 unique labels. This dataset is a subset of the publicly available dataset.714

Experimental setting To obtain the click probabilities for each item, we generate them715

uniformly at random in the range [0, 0.2] for the RCV1 and Amazon datasets. For the four716

item-rating datasets, we estimate click probabilities by computing a low-rank completion of717

the user-item rating matrix using matrix factorization [25]. This yields latent feature vectors718

wu for each user u and vm for each item m, where the inner product w>
u vm approximates719

user u’s rating for item m. We then apply standard min-max normalization to the predicted720

ratings and linearly scale the results to the range [0, 0.5] to obtain click probabilities. We721

set the latent feature dimension to 15 for the KuaiRec dataset, and to 20 for the remaining722

three rating datasets. While click probability ranges can vary in real-world scenarios, where723

larger ranges can lead to faster convergence toward the maximum expected coverage value,724

we intentionally set the probabilities to be small in our experiments. This allows us to725

observe performance changes over a wider range of parameter settings.726

Implementation To enhance the computational efficiency of the LMGreedy algorithm727

(described in Algorithm 3), we implement lines 6–9 using the STOCHASTIC-GREEDY728

approach introduced by Mirzasoleiman et al. [35]. For the implementations of Storm and729

Storm++, we incorporate the sampling technique from Feldman et al. [10]. Specifically,730

when adding each item (with potential replacement) to each candidate set, we ignore it731

with probability 2/3.732

D.2 Omitted results733

In this section, we present additional experimental results and analyses. Specifically, we734

show how the expected coverage changes as the budget k varies in Figure 7, and as the735

number of user visits T varies in Figure 8. The standard deviation of the expected coverage,736

as k and T are varied, is reported in Figure 10 and Figure 11, respectively. Finally, we737

present the effect of varying δ and ∆T on the expected coverage in Figure 9.738

Why Storm++ and Storm(T ′) outperform Storm(T )? We present a simple ex-739

ample where Storm(T ′) outperforms Storm(T ). Consider the input stream S =740

(({1}, 1, 0), ({2}, 1, 0), ({3, 4}, 0.9, 1), ({5, 6}, 1, 1)) with budget k = 1 and actual number of741

2https://www.kaggle.com/datasets/CooperUnion/anime-recommendations-database
3https://cseweb.ucsd.edu/~jmcauley/datasets.html
4https://webscope.sandbox.yahoo.com/catalog.php?datatype=i&did=67
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(a) KuaiRec (b) Anime (c) Beer

Figure 7: Empirical variation in expected coverage as a function of budget k on three smaller
datasets. Parameter T = 5, δ = 25 and ∆T = 45 are fixed

(a) KuaiRec (b) Anime (c) Beer

Figure 8: Empirical variation in expected coverage as a function of number of visits T on
three smaller datasets. Parameter k = 10, δ = 10 and ∆T = 10 are fixed.

visits T = 2. The algorithm Storm(2) selects either {1} or {2} for the first visit, and {5, 6}742

for the second, achieving expected coverage of 3.743

If we overestimate the visits and set T ′ = 3, Storm(3) instead selects {3, 4} first and {5, 6}744

second, yielding an expected coverage of 3.8, which is higher than when the number of visits745

is known exactly. Likewise, Storm++ with T ′ = 3 and δ = 3 matches Storm(3), and746

achieves the same coverage of 3.8.747

This example shows that while Storm(T ) has the strongest theoretical guarantee,748

Storm(T ′) and Storm++ can outperform it empirically, which explains the trends observed749

in our experiments.750

(a) (b)

Figure 9: Impact of ∆T and δ on expected coverage on three larger datasets. In (a) and
(b), we fix k = 5 and T = 10. When varying δ, we fix ∆T = 60; when varying ∆T , we fix
δ = 10.
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(a) KuaiRec (b) Anime (c) Beer

(d) Yahoo (e) RCV1 (f) Amazon

Figure 10: Empirical variation in standard deviation for the expected coverage as a function
of budget k on all datasets. Parameter T = 5, δ = 25 and ∆T = 45 are fixed.

(a) KuaiRec (b) Anime (c) Beer

(d) Yahoo (e) RCV1 (f) Amazon

Figure 11: Empirical variation in standard deviation for the expected coverage as a function
of the number of user visits T on all datasets. Parameter k = 10, δ = 10 and ∆T = 10 are
fixed.
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